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Chapter 10 
Rivers, canals and sewers 

 
 
10-1. Water runs downhill 
 
 The conveyance of water by nature in streams and rivers or by humans in canals, 
aqueducts and sewers goes generally by two technical names: hydraulics and open-channel 
flow.  It is arguably the branch of fluid dynamics with the longest history.  In antiquity, 
Babylonians and Egyptians were masters at irrigating fields (Rouse & Inse, 1963), and 
Romans were able to grow the City of Rome thanks to the building of aqueducts, public 
baths, and sewers (Chanson, 2010).  In the Americas, the Inca emperor Pachacuti (1438–
1472) had the City of Machu Picchu constructed high in the Andes Mountains with a well-
developed system for water distribution by gravity.  It is no exaggeration to say that water 
works have been key components in the development of civilizations.  Today, water works 
are the largest infrastructure projects ever undertaken by humankind, with prime examples 
being the Panama Canal (Figure 10-1), the Three Gorges Dam (Figure 10-2), and the fact 
that 60% of the Dutch population is able to live below sea level1. 
 

 
Figure 10-1. Channels and Colocí lock infrastructure along the Panama Canal. (Photo: El País) 

 

 
Figure 10-2. Aerial view of the Three Gorges Dam on the Yangtze River in Hubei Province in 

western China. (Photo: Ultimate Science) 
 

                                                 
1 www.expatica.com/nl/about/basics/30-interesting-facts-about-the-netherlands-108857/ 
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 We all learn from a tender age that water runs downhill.  It does so naturally in 
streams and rivers, as well as on the street pavement on a rainy day, and the art of hydraulics 
is to take advantage of downhill flow as much as possible.  Water distribution in Roman 
aqueducts and at Machu Picchu relied on downhill flow as Romans and Incans did not 
possess mechanical means of pump water (at least for the flowrates concerned), unlike the 
Dutch who had invented windmills as early as the 1300s to drain water from low lands.  It 
may not be well known, but the Panama Canal relies on downhill flow from the Chagres 
River that fills two artificial lakes and from there supplies water to the locks down to both 
Atlantic and Pacific sides (McCullough, 1978).  The system of locks lifts ships up 26 m 
(85 feet) and brings them down again on the other side.  Without that downhill flow, the 
Panama Canal would have had to be dug 26 m deeper, something French engineers had 
attempted earlier but in vain. 
 
 
10-2. One-dimensional equations 
 
 The flow in natural or constructed channels is fully three-dimensional, with velocity 
variations in the vertical from bottom to surface, sideways from left to right bank, and 
obviously also in the downstream direction.  However, most channels are much longer than 
they are wide (Figure 10-3 for example); they also tend to be much wider than they are 
deep.  Thus, generally, Length >> Width >> Depth.  Unless one is interested in channel 
erosion and sedimentation, the effect of secondary circulation in bends, or the dilution of a 
local discharge, a one-dimensional model that only captures variations in the downstream 
direction is sufficient.  Such a model is adequate for most estimations of water levels and 
speeds, for the determination of the discharge from a lake into its draining stream, and for 
the prediction of flood waves.  We restrict our attention to such a 1D model here, leaving 
2D and 3D studies to a more specialized course in hydraulics. 
 

 
Figure 10-3.  The Connecticut River making the border between the 
states of New Hampshire and Vermont in the United States. (Photo 
credit: Reggie Hall, The Conservation Fund) 

 
 A one-dimensional of a channel flow needs only two variables, h(x,t) for the water 
depth and u(x,t) for the water speed, both as functions of downstream location x and time 
t.  Thus, two equations suffice, and these will be statements of mass conservation and of 
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force balance in the downstream direction.  We will also make the assumption that water 
is incompressible, thus neglecting any possible pressure or temperature effects on density.  
The water density is denoted , a constant (1000 kg/m3 at 5oC, 997 kg/m3 at 25oC). 
 
 Figure 10-4 depicts a section of a water channel.  First, it is helpful to define the 
quantities pertinent to the cross-section.  The primary variable is the water depth h, 
measured from the deepest point of the section to the surface, and three other quantities: 
The cross-sectional area A, the water width W at the surface, and the wetted perimeter P 
that is the underwater distance along the bottom from one bank to the opposite bank.  All 
three quantities depend on h since they all increase when the water depth increases. 
 

 
 
 
 
 
Figure 10-4.  A 
channel section of 
length dx with 
attending notation, 
for the derivation of 
mass conservation 
and balance of forces. 
 

 
 
A first, geometric relation is: 
 

 
dA

W
dh

 ,         (10-1) 

 
because an increment dh to the water depth causes an increment dA = Wdh to the cross-
sectional area.  The statement of mass conservation reduces to a volume budget because 
water is incompressible.  Thus, the difference between the change in amount stored over 
length dx and time interval dt is equal to the difference in the amounts of water entering 
and exiting the same section: 
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which leads to 
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Use of (10-1) allows this last equation to be recast as: 



Rivers, canals and sewers 

160 

 
( )

0
A Au

t x

 
 

 
.        (10-4) 

 
 Before considering the full balance of forces and how it affects the water flow, it is 
useful to determine first the pressure force.  The atmospheric pressure is neglected as it 
may be assumed uniform, and in the absence of vertical flow, the gage pressure varies 
hydrostatically in the vertical: p(z) = g(h – z), with z being the elevation between bottom 
(z = 0) and surface (z = h).  Thus, the pressure force is: 
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in which w(z) is the channel width at elevation z.  This is a function of water depth h.  
Because it will be needed later, we take its derivative with respect to h: 
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since the integral of the width w(z) over depth is the cross-sectional area A, and the second 
term vanishes. 
 
 We may can now proceed with the momentum balance, which states that the of 
change in the momentum within the stream section from x to x+dx is the momentum flux 
entering at x minus the momentum flux exiting at x+dx, plus the sum of accelerating forces, 
which are the pushing force upstream and gravity, and minus the decelerating forces, which 
are the downstream pressure acting against the flow and friction (Figure 10-4): 
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where m = Adx is the mass of water in the chosen section,  the angle of inclination of the 
bottom (counted positively downward), and b the bottom stress acting on the wetted 
surface Pdx., with P being the so-called wetted perimeter (distance along bottom from left 
bank to right bank).  After the defining the channel slope S = sin , and dividing by the 
infinitesimally short section length dx, we obtain: 
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Next, we take the bottom stress proportional to the square of the velocity because channel 
flows are almost always in a state of turbulence: 
 
 2

b DC u  ,         (10-9) 
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in which CD is a drag coefficient that will need to be discussed later.  Use of the volume 
conservation equation (10-4), of the pressure force gradient (10-6) and subsequent division 
by A yields: 
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in which we defined for convenience the length 
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which is called the hydraulic radius2, a known function of water depth h. for a given 
channel profile. 
 
 The set of two equations (10-4)-(10-10) governing the spatial and temporal 
evolution of the water depth h and velocity u are called the Saint-Venant Equations in 
tribute to Adhemar de Saint-Venant (1797-1886), a French mathematician and physicist 
who first wrote these equations for unsteady shallow open-channel flow.  We derived them 
here by returning to first principles, but they could also have been, albeit more abstractly, 
from the general equations of fluid mechanics of Chapter 4 under the assumption of 
unidimensional flow, hydrostatic balance in the vertical, and after averaging over the cross-
sectional area of the channel.  Recall that the variable h  
 
 Since most natural channels are much wider than deep (as in Figure 10-5), no 
significant errors are committed by taking P ≈ W, A ≈ Ph ≈ Wh, Rh ≈ h, and the Saint-
Venant Equations are often reduced to: 
 

 
( ) ( )

0
Wh Whu

t x

 
 

 
        (10-12) 

 
2

D

u u h u
u g gS C

t x x h

  
    

  
.      (10-13) 

 

 
Figure 10-5.  Cross-section of a wide shallow channel. 

 

                                                 
2 This label is a misnomer because for a circular conduit, A = R2, P = 2R giving Rh = R/2 instead of R. 
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For a shallow channel of constant width W, they further reduce to: 
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10-3. Uniform flow 
 
 An immediate solution of the preceding equations, and an important one, is that of 
uniform frictional flow down a sloping channel.  With all derivatives being zero, Equation 
(10-10) reduces to a two-way balance between friction and gravity: 
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This is called the Chézy formula in honor of Antoine de Chézy (1718-1798), a French 
engineer who derived this relation during the design of a sewage system for the City of 
Paris.  The Chézy formula is very practical for it gives the water velocity and from there 
the volumetric flowrate in channel based only on its bottom slope (S), its frictional 
characteristics (CD) and the extent to which it is filled (Rh function of h). 
 
 It turns out that (10-16) is not a very good predictor of the water velocity if the drag 
coefficient CD is taken as a constant, independent of water depth.  For a given channel, 
when the water is deeper, the upper part of the water is less subject to friction because it is 
further distant form the bottom, and it can be argued that CD should decrease with 
increasing Rh.  River flow is a manifestation of shear turbulence over a rough bottom, and 
according to Section (6-5), an appropriate representation of the velocity variation with 
depth is the logarithmic profile: 
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in which u* is the friction velocity related to the bottom stress via * /bu   ,  the von 

Kármán constant (≈ 0.40), and z0 the roughness height (a fraction of the mean height of 
bottom asperities).  Averaging this velocity profile from bottom (z = 0) to surface (z = h) 
and replacement of the friction velocity in terms of the bottom stress leads to: 
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where u is now the depth-averaged velocity as used previously in this chapter.  This verifies 
that the bottom stress is proportional to the square of the velocity, as anticipated in (10-9).  
The drag coefficient is identified as: 
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We note that the drag coefficient does indeed decrease with increasing depth.  Substitution 
of this form of the drag coefficient in the Chézy formula (10-16) yields: 
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In the last step, we replaced the water depth h by the hydraulic radius Rh in order to express 
the velocity in terms of a single hydraulic variable.  Since Rh ≈ h, this is not significant.  
Improved formula (10-20) indicates that the velocity varies a little more rapidly with Rh 
than its square root because the logarithmic function is a slowly growing function. 
 
 Robert Manning (1816-1897), a hydraulic engineer who worked for the Arterial 
Drainage Division of the Irish Office of Public Works, did not use the logarithmic profile 
but noted from many river data that the velocity varied with the hydraulic radius slightly 
faster than predicted by the Chézy formula.  He proposed the following empirical fix: 
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which is called the Manning formula.  This is tantamount to approximating the logarithmic 
function with the 1/6th power, which is not a poor approximation in the range of physically 
realizable values.  Note that expression (10-21) is empirical and not dimensionally correct 
(or, put another way, the factor n must have some complicated units).  The table below 
gives the value of the factor n for a variety of natural and artificial channels. 
 
For a wide channel, Rh ≈ h, and 
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with corresponding flowrate, called discharge, 
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Flipped around, these formulas give the water depth and velocity that a channel of given 
slope S and friction coefficient n has when it conveys a given discharge Q: 
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A subscript n has been affixed to these values as they are called the normal depth and 
normal velocity.  We note that when the discharge conveyed by the channel increases, for 
example following a rain event in the watershed, both water depth and water velocity 
increase, with the water depth increasing more rapidly (Q3/5 power) than the velocity (Q2/5 
power).  Thus, when the discharge quadruples, the velocity increases by 74% but the depth 
increases by 130%.  This is why rivers don’t just flow faster after a storm but are also 
particularly prone to flooding. 
 

Table 10-1.  Values of the Manning coefficient n for common channels.  Since 
the Manning formula is not dimensionally consistent, metric units must be used 
with these values of n. 
Channel type n 
Artificial channels Finished cement 0.012 

Sewer line 0.013 
Unfinished cement 0.014 
Brick work 0.015 
Rubble masonry 0.025 
Smooth dirt 0.022 
Gravel  0.025 
With weeds 0.030 
Cobbles  0.035 

Natural channels Mountain streams 0.045 
Clean and straight 0.030 
Clean and winding 0.040 
With weeds and stones 0.045 
Most rivers 0.035 
With deep pools 0.040 
Irregular sides 0.045 
Dense side growth 0.080 

Flood plains Farmland  0.035 
Small brushes 0.0125 
With trees 0.0150 

 
 
10-4. Rapidly varied flow 
 
 We now turn our attention to non-uniform flows.  If the flow varies significantly 
over a short distance, the derivatives in Equation (10-10) may be large enough to dwarf the 
frictional term, and friction may be neglected.  When this assumption is made, we say that 
we consider rapidly varied flows.  When the assumption is not justified, as it never is for 
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long stretches of rivers, we refer to gradually varied flows, which is the subject of a later 
section. 
 
 The particular case of a steady frictionless flow reduces Equation (10-10) to 
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In order to express the last term as an x-derivative and join it to the other two terms, we 
introduce the elevation b(x) of the channel bottom above a reference datum (such as sea 
level): 
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The immediate consequence is the recovery of the Bernoulli Principle (Section 4.2), under 
the present form: 
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in which E is a constant of the flow called the specific energy.  Note that the sum h+b is 
the elevation of the water surface above the datum.  Hydraulic engineers call this the 
hydraulic head. 
 
 If we now couple this with a known discharge Q = Whu, we can express the specific 
energy in terms of only the water depth and bottom elevation: 
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Figure 10-5 depicts the variation of E with h on a flat bottom (b = 0).  We note that for a 
given value of E, there are two possibilities for the flow, one on the higher branch 
corresponding to a thicker and slower flow, and the other one on the lower branch 
corresponding to a thinner, faster flow.  The existence of multiple solutions is a direct 
consequence of the nonlinearity of the system. 
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Figure 10-5.  Variation of the specific energy E with the water depth h on a flat bottom.  It is 
customary in this type of plots to have h along the vertical axis because it corresponds to a vertical 
distance. 
 
 
 The two branches meet at a point to the left of which there is no value of E for any 
positive value of h.  Thus, there is a minimum allowable value Emin for the specific energy, 
at a given discharge.  Indeed, if there is a discharge at all, there must be some water depth 
and some water speed, and E must take on a finite value.  The minimum of E is easily 
determined by setting at zero the derivative of E with respect to h.  This yields: 
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The value hc at which this minimum occurs is called the critical depth.  We note that the 
corresponding critical velocity is 
 

 
1/3

c c
c

Q gQ
u gh

Wh W
    
 

.       (10-30) 

 
 This leads us to define a dimensionless number 
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called the Froude number, in credit to William Froude (1810-1879), a naval architect who 
defined this number to compare the speed of a ship to the speed of a wave on the water.  
The minimum in specific energy thus corresponds to Fr = 1, and it is easy to show that the 
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upper branch of the curve in Figure 10-5 corresponds to Fr < 1, and the lower branch to Fr 
> 1.  A flow with Fr < 1 is comparatively thick and slow and called a subcritical flow.  In 
contrast, a flow with Fr > 1 is comparatively thin and fast and called a supercritical flow. 
 
 We now reinstate the bottom elevation b in the Bernoulli function and examine the 
passage of a flow over a bottom bump.  If the bump is not too pronounced, as depicted in 
Figure 10-6, the bump restricts the cross-section available to the flow, and the flow 
accelerates.  This acceleration, however, is not cost free.  For it to happen, the water must 
“fall down a bit” to acquire the necessary added speed, and this results in a dip of the 
surface.  As we can see, the flow is then restricted further, not only from the bottom going 
up but also from the top going down.  It’s a double whammy!  Past the bump, the flow 
recovers its upstream properties if the upstream and downstream bottoms are on the same 
level. 
 

 
Figure 10-6.  Frictionless flow over a bump on the bottom.  The squeezed flow must accelerate, 
and the surface dips so that the flow falls a bit to acquire an acceleration. 
 
 
 It is not too difficult to conceive that if the bump is more pronounced, the rising 
bottom and dipping surface might meet each other and interrupt the flow.  On the graph of 
Figure 10-6, this occurs when the height of the bump b is large enough to make E2 = E1 
– b fall the minimum Emin, which is prohibited.  If this occurs, the bump begins to act as 
a dam.  No flow can pass over the dam, and the water accumulates on its upstream side.  
The situation is now time-dependent, and the Bernoulli Principle fails to hold.  The 
outcome is a rising water level upstream of the obstacle and, with it, a rising specific energy 
E.  Eventually, the upstream water depth will be sufficient to allow passage over the dam.  
This occurs when the upstream specific energy E1 has grown large enough that the value 
E2 = E1 – b over the dam has become equal to the minimum Emin.  Nature has it that, as 
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point 1 slides down toward point 2 at Emin on the graph, the recovery to point 3 is following 
the other branch of the specific energy curve, and the situation is as depicted in Figure 10-
7.  The dam makes the flow transition from subcritical to supercritical.  Figure 10-8 
provides a familiar example. 
 

 
Figure 10-7.  Frictionless flow over a big bump on the bottom that acts as a dam.  The nature of 
the flow transitions from subcritical upstream to supercritical downstream. 
 
 

 
Figure 10-8.  Dam on the Outaquechee River in Quechee, 
Vermont USA.  (Photo by the author) 
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The same behavior occurs in the atmosphere when a mass of cold air passes over a 
mountain range (Figure 10-9). 
 

 
Figure 10-9.  Flow of a cloudy air mass over the Presidential Mountain Range in 
New Hampshire, USA. (Source: lost) 

 
 The word control is invoked to describe a dam-like situation.  This is because the 
presence of the obstacle effectively controls the water depth upstream.  Water has to 
accumulate upstream until it pass over the obstacle.  Put another way, there is a downstream 
feature that exerts a condition on the flow that affects its upstream character.  This condition 
is that the Froude number is unit at the crest of the obstacle: 
 
 u gh .         (10-32) 

 
Mathematically, each of the two Saint-Venant equations has a first derivative with respect 
to x, and this implies that two boundary conditions are needed to find a solution.  One of 
these is the specification of the discharge Q somewhere upstream; the other is at a control 
point. 
 
 A weir is a low-level dam with the same effect.  Figure 10-10 shows the use of a 
weir on the Tweed River in Bray Park, New South Wales, Australia.  Weirs are also used 
to regulate the flow in irrigation ditches, and one of their advantages is that they can be 
used as tools to measure the flow rate.  The simple measurement of the water thickness at 
the crest suffices to determine both the cross-sectional area and the water velocity by virtue 
of the relation (10-32).  For convenience, weirs come equipped with a calibration chart that 
provides the discharge in the desired units as a function of the water thickness noted along 
marks in the flank.  Figure 10-11 shows a weir on a small forest stream for monitoring of 
the flow rate as part of a comprehensive ecological study. 
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Figure 10-10.  A weir on the Tweed River in Bray Park, 
New South Wales. (Source: Tweed Shire Council) 

 
 

 
Figure 10-11.  A V-notch weir used in connection with a retention pool along 
a small forest stream in New Hampshire, USA. (Source: Hubbard Brook 
Ecosystem Study) 

 
 
10-5. Hydraulic jump 
 
 Supercritical flows, like those emerging downstream of a dam or in rivers with 
many large bottom asperities, tend to be “rough,” that is wavy, turbulent and a bit chaotic.  
Kayakers look for those spots, which they call “white waters” in reference to the fact that 
these waters entrain air bubbles and appear white at many spots.  The collapse of air 
bubbles also generates a distinct sound. 
 
 Supercritical flows also tend to be unstable and easily revert to subcritical 
conditions.  They do so through a hydraulic jump, in which the rapid flow abruptly slows 
down and thickens, as depicted in Figure 10-12.  Hydraulic jumps are rather violent affairs 
with much turbulence and air bubble entrainment. 
 



Rivers, canals and sewers 

171 

 
Figure 10-12.  A hydraulic jump observed in a laboratory flume.  Flow is from left to right. 
(Source: Rollin Hotchkiss & Edward Kern, Brigham Young University, with added notation) 

 
 In reference to Figure 10-12, we can determine the downstream variables h2 and u2 
in terms of the upstream variables h1 and u1 by invoking two constraints, conservation of 
volumetric flow and a momentum balance.  The Bernoulli Principle does not apply because 
of the strong energy dissipation in the jump.  For uniform channel width (as in Figure 10-
12), conservation of volumetric flow rate demands: 
 
 1 1 2 2h u h u ,         (10-33) 

 
while the momentum balance states that the exiting momentum is the entering momentum 
plus the forward upstream pressure force and minus the backward downstream pressure 
force: 
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The solution to these two relations, expressed in terms of the upstream Froude number 

1 1 1/Fr u gh , are known as the Bélanger relations: 
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Once the downstream water depth h2 is determined, the downstream Froude number can 
be calculated from  
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These results can be extended to non-rectangular cross-sections. 
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 You may be familiar with this flow pattern at the bottom of your kitchen sink 
(Figure 10-13); it is none other than a curved and closed hydraulic jump through which the 
initial thin fast flow becomes thicker and slower in a rather abrupt and bubbly way. 
 

 
Figure 10-13.  A quasi-circular hydraulic jump in the kitchen.  (Photo by the author) 

 
 Roman engineers used weirs to promote hydraulic jumps and energy dissipation 
along steep downward grades of aqueducts (Figure 10-14).  A succession of transitions to 
supercritical flow followed by a hydraulic jump eventually brings the flow to the specific 
energy minimum, as shown in Figure 10-15.  At that stage, no hydropower can be extracted 
from the flow. 
 

 

 
 
 
 
 
 
 
 
 
 
Figure 10-14.  Weirs along a steep 
downward section of a Roman aqueduct in 
Perge, Turkey.  Weirs were used to create 
supercritical flow followed by hydraulic 
jumps for the purpose of energy dissipation 
in downward sections of aqueducts.  (Photo 
credit: Dennis Murphy) 
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Figure 10-15.  On a rocky bottom, a succession of transitions to supercritical flow each followed 
by a hydraulic jump eventually leads to the specific energy minimum. (Insert phot by the author) 
 
 
10-6. Gradually varied flow 
 
 Most often, rivers, streams, canals and sewers have water moving relatively gently, 
and over long stretches bottom friction becomes important.  On a constant slope, the flow 
eventually becomes the uniform flow described by Chézy and Manning (Section 10-3).  
But what happens when the slope changes or when the water enters a lake or the sea?  To 
investigate these situations, we need to restore the spatial derivatives. 
 
 For simplicity, we restrict ourselves here to steady flow in a wide rectangular 
channel, leaving less restrictive cases to more advanced textbooks on hydraulics.  We also 
use the drag coefficient CD notation because it leads to clearer mathematics, knowing full 
well that CD is not a constant but a weak function of water depth h.  On these premises, our 
starting equations are the Saint-Venant equations in the following form: 
 

 
( )

0
d hu

dx
          (10-37) 
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The first equation, that of conservation of volumetric flowrate, can be integrated using an 
upstream condition where the discharge is specified: 
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in which Q is the discharge and W the width of the channel.  Using this to eliminate u from 
the momentum equation (10-38), we obtain after a little bit of algebra: 
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,       (10-40) 

 
which has been made more compact after the introduction of the critical depth 
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defined earlier in (10-29).  It is the depth that the flow acquires when the Froude number 
is unity.  The normal depth is the depth that the flow acquires in the absence of spatial 
variations, i.e., when the two terms on the right of (10-40) balance each other: 
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This is the same as the normal depth defined earlier in (10-24a), except that it is expressed 
here in terms of the drag coefficient3.  We note that the normal depth may be smaller or 
larger than the normal depth depending on how the bottom slope S compares to the drag 
coefficient CD.  They are equal when S = CD.  When S < CD (thus hn > hc), we shall refer to 
a mild slope and when S > CD (thus hn < hc) to a steep slope. 
 
 Equation (10-40) governs the evolution of the water depth h(x) along the stream as 
the slope S may vary from place to place or in adaptation to a (second) boundary condition 
where the water depth may be specified as other than the normal depth.  An example is the 
case of a stream entering a lake or emptying into the sea; there is then a downstream water 
depth to be reached.  While this is easily conceptualized, it is rather difficult to put into 
action because the bracketed quantity on the left hand-side can vanish and cause a 
singularity.  Clearly, a singularity occurs wherever h = hc, which corresponds to a control 
point where the Froude number reaches one.  Many cases are possible, and the interested 
reader is referred to a more advanced textbook.  We only consider here three relatively 
intuitive cases, that of an abrupt change of slope from mild to steep, that of a stream 
entering a lake, and that of a lake draining into a steep stream. 
 
10-6-a.  Abrupt change of slope from mild to steep 
 

                                                 
3 To be accurate, expression (10-42) is a disguised equation for hn.  Indeed, the factor CD on the right depends 

on hn itself, albeit weakly so, but an iterative method can take care of this relatively easily.  We much prefer 
this implicit definition for the mathematical simplification that will follow, especially the straightforward 
comparison of S to CD to determine whether the slope is mild or steep. 
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 The critical depth hc remains constant because it does not depend on the channel 
slope, but the normal depth hn varies with the slope, being larger than hc on the mild slope 
upstream and smaller than hc on the steep slope downstream, thus crossing hc at the knee, 
as pictured in Figure 10-16.  Faraway at both ends, the flow is uniform with h = hn (unless 
something else happens in the intervening distance).  This forces the water depth to pass 
through the critical depth (h = hc) as some point. 
 

 
Figure 10-16.  The adjustment of a stream where the 
slope changes from mild to steep. 

 
 According to Equation (10-40) with dh/dx finite everywhere, the left-hand side 
vanishes where h = hc, and this requires the right-hand side to vanish simultaneously 
forcing h = hn, too.  Therefore this point must be the knee where hn crosses hc.  The flow is 
critical at the knee, making the knee act as a control point. 
 
10-6-b.  Stream entering a lake 
 
 Figure 10-17 depicts the case of a stream on a mild slope entering a lake (or river 
emptying into the sea).  The downstream water level is specified because it is a larger body 
of water with level unaffected by the stream.  That level is also flat.  Thus, the solution far 
downstream corresponds to h >> hc in (10-40) with the consequence that dh/dx ≈ S, 
meaning that the water depth increases just as fast as the bottom goes down so that the 
water level above the bottom remains unchanged. 
 

 
Figure 10-17.  The adjustment of a stream on a mild slope when 
it enters a lake. 

 
 In the stream, the approach to the lake is effectively that of a partial spilling, or 
limited flooding, of the stream by the lake water.  If the stream arrives as a uniform flow 
on mild slope (h = hn > hc), its depth increases remaining higher than hc at all locations, 
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and there is no control point.  In Equation (10-40), the two factors on the left are each 
positive, and the difference on the right is positive, too. 
 
10-6-c.  Lake discharge 
 
 A practical problem in hydraulics is the determination of the discharge (volumetric 
flow rate) from a lake given its water level and the slope of the exit channel. Two cases are 
possible: Either the slope of the exit channel is mild or steep.  The selection reduces to 
finding whether the channel slope S falls below or exceeds the value of the drag coefficient.  
Since, the drag coefficient CD of the exit channel is dependent on the water depth h and 
since the latter is not known until the discharge is determined, the solution must proceed 
by trial and errors.  But, let us assume here that we have made a reasonable guess about the 
value of CD and that we therefore know whether the slope of the exit channel is mild or 
steep. 
 
 The easier of the two cases is that of an exit channel with a steep slope (S > CD), 
and it is the one we consider here.  Since hn < hc along the steep channel downstream, and 
the flow will eventually become uniform far downstream (unless something happens in the 
interim), we have h → hn < hc.  The flow in the stream is therefore supercritical.  In the 
deep lake by contrast, the water velocity is virtually nil, and the Froude number there is 
nearly zero.  Thus, the lake flow approaching the exit is subcritical.  As the flow needs to 
transition from subcritical in the lake to supercritical in the stream, it crosses criticality (h 
= hc) at the transition from the lake to the stream, that is, at the sill point (highest bottom 
point), as indicated in Figure 10-18, and the sill exerts control. 
 

 
Figure 10-18.  A lake discharging into a steep stream. 

 
 
 Generally, the lake bottom rises abruptly in the vicinity of the sill point, and we 
may consider the portion of the flow on the lake side of the sill as rapidly varied 
(frictionless).  The Bernoulli principle holds, telling us that the sum 2 / 2 ( )u g h b   is 
constant from the deep lake to the sill.  Faraway into the lake, u ≈ 0 whereas h + b = H, the 
elevation of the water surface in the lake above the sill of the sill (see Figure 10-18), with 
the datum taken as the sill level for convenience.  At the sill, the velocity is critical, 

cu gh  (Fr = 1), whereas b is zero by choice of the datum level.  Conservation of the 

Bernoulli function between a location far into the lake and the sill provides: 
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Since the critical depth hc is known in terms of the discharge, see (10-38), we can determine 
the discharge: 
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We note that the mere knowledge of the lake’s water level H above the level of the sill, 
which is the lowest point along its perimeter is sufficient to determine the amount of water 
that drains from the lake.  Thus, monitoring the lake’s water level may be a proxy for 
monitoring the flow rate in the stream. 
 
 Vice versa, if we may consider the lake to be in steady state, with a known volume 
of water Q being received per unit time from its watershed, we can determine how high the 
water level in the lake has to be: 
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If the lake is not in steady state (because of a variable inflow from its watershed), we can 
nonetheless assume that the discharge feeding the draining stream is more rapidly 
equilibrated than the time it takes for the lake to adjust its water level.  If that is the case, 
the water budget for the lake as a whole is: 
 

 ( ) ( ) ( ) 0.544in out in

dH
A Q t Q t Q t WH gH

dt
    ,    (10-46) 

 
in which A is the surface area of the lake, Qin(t) the variable amount of water received from 
the watershed, W the width of the draining stream, and H the lake water level above the 
lowest point of its perimeter. 
 
 
10-7. Sewers 
 
 Sewers nowadays are buried circular pipes, made of steel or PVC.  Except for the 
occasional pumping station along the way, the flow is gravity driven.  This means that in 
the design of a sewage system one needs to pay particular attention to the slope of the pipe 
between pumping stations.  The other critical design parameter is the diameter of the pipe.  
So, the question is: How do civil engineers decide on the pipe diameter and slope in a given 
situation?  Before answering this question, let us consider the flow in a partially filled 
circular pipe (Figure 10-19) 
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Figure 10-19.  A sewer pipe outlet (left) and the notation for the 
determination of the hydraulic radius (right). 

 
 
The degree to which the pipe is filled can be described by the angle  as defined in the right 
panel of Figure 10-19, which may vary from 0 for the empty pipe to  for the full pipe.  
The half-full pipe corresponds to  = /2.  The wetted perimeter is P = 2R = D, in which 
D is the inner diameter of the pipe, and the cross-sectional area occupied by the sewage is 
A = ( – sin cos) R2, so that the hydraulic radius is 
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We note that the hydraulic radius is R/2 for both the half full pipe and the full pipe.  It 
reaches a maximum of Rh = 0.609 R for  = 2.247 rad = 129o (87% full). 
 
 In a sewer, the flow velocity shouldn’t be too small, lest solids settle instead of 
being carried with the flow.  In the United States, the recommended minimum value is 0.75 
m/s (2.5 ft/s) at peak diurnal rate and 0.60 m/s (2.0 ft/s) at all other times.  According to 
the Manning formula (10-21), on a given slope, a higher flow velocity is achieved with a 
larger hydraulic radius.  Thus, it is preferable to have a relatively full pipe than a trickle on 
its bottom.  Since the hydraulic radius is the same for both the half-full and full pipe, and 
slightly higher in between, the pipe should preferably operate in this zone (90o <  < 180o).  
Planning for times when the discharge might exceed the diurnal peak value, the rule of 
thumb is to operate the sewer pipe at half capacity ( = 90o, Rh = R/2 = D/4) during peak 
diurnal flow and with u = 0.75 m/s.  With Rh set in terms of pipe diameter and a specified 
velocity, we have two equations, namely the Manning formula for the velocity and the peak 
diurnal flow rate occupying half the cross-sectional area: 
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for the two design parameters, pipe diameter D and slope S.  The solution is: 
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For calculations, the Manning coefficient of sewer lines is usually taken as n = 0.013. 
 
 
Thought problems 
 
10-T-1.  Question 
 
10-T-2.  Question 
 
10-T-3.  Question 
 
 
Quantitative Exercises 
 
10-Q-1.  Verify that a typical channel flow has a high Reynolds number and is therefore in 

a state of turbulence. 
 
10-Q-2.  The drainage area of Lull’s brook at the level of Hartland, Vermont, is 41.9 km2 

and receives an annual precipitation of 1.14 m.  Evaporation and seepage through the 
ground contribute to a water loss, so that only an average of 21% of the precipitation 
flows into the stream.  The stream width is 1.8 m, bed slope 3.8 x 10-3, and Manning 
coefficient 0.040. 
 (a)  What is the average stream discharge?  What are the water depth and velocity 

under the assumption of uniform flow? 
 (b)  Is the slope mild or steep? 
 (c)  What is the bottom stress? 

 
10-Q-2.  What is the critical depth hc in a triangular channel with side slope angle  as 

depicted below (Figure 10-21).  Assume a discharge Q. 
 

 
Figure 10-21.  An artificial channel with triangular cross-section. 
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10-Q-3.  A 5.2 m wide, flat-bottom stream carries 11.6 m3/s down a slope that changes 

quite abruptly from 0.0013 to 0.130.  The Manning coefficient n remains the same at 
0.035 despite the change in slope.  Assuming that each stretch of slope is fairly long, 
determine the water depth far upstream, at the knee (point where the slope changes), and 
far downstream.  At which point is the velocity greatest? 

 
10-Q-4.  Determination of the water depth profile of a river approaching the sea.  How far 

will the tidal signal from the sea reach upstream? 
 
10-Q-5.  A lake discharge problem, in steady state. 
 
10-Q-6.  A lake water budget with time-dependent inflow from the watershed. 
 
 


