Chapter 15
Road traffic as a fluid

15-1. Vehicle density and speed

A fluid, liquid or gas, is generally considered as a continuum, but if we look at the
microscopic scale, it actually consists of distinct molecules in motion with spaces between
them. So, it is not a major stretch to consider road traffic, which consists of distinct vehicles
moving with spaces between them, also as a continuous fluid. The approximation is just a
bit more coarse than for common fluids but quite satisfactory from the point of view, not
of the individual motorist, but of the traffic engineer charged with managing road traffic
over sufficiently large distances like the size of a city. This chapter, or at least the first few
sections of it, is based on the bold assumption of road traffic as a fluid. Most of the
elements contained below are credited to Prigogine and Herman (1971) and Whitham
(1974).

Just as we began our study of liquids and gases with the definition of density, we
are first brought to define the vehicle density on a stretch of road. It is defined simply as
the number N of vehicles per distance L of road (Figure 15-1),
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Figure 15-1. Vehicle density is the number of vehicles per unit distance, N/L.

Since road conditions may vary from place to place and certainly from time to time, we
consider n to be a function of location x along the road and time ¢ of the day, n(x,f). Note
that there must exist a maximum vehicle concentration because there can’t be more
vehicles on the road than in a bumper-to-bumper situation. Assuming that motorists when
stopped in a traffic jam keep a fixed small distance from the previous vehicle in order to
avoid touching it, we are brought to introduce the effective vehicle length € as the average
vehicle length plus that small distance to avoid contact. With this definition, the maximum
vehicle density, which occurs during a jam, is:

(15-2)

The next concept is that of velocity, which we define as the average speed of a
vehicle at a certain location along the road and denote u. Like vehicle density, u is, too, a
function of x and ¢. The third and not independent concept is that of the flow of vehicles



passing at a certain location per time. If we stand at location x and count the number of
vehicles that pass by during a time interval A¢, we have:

N(t > t+Ar)
q ~ . (15-3)
Now, those vehicles were those that at time ¢, the start of counting, happened to have been
occupying the stretch of road of length uAtr upstream from our location since they
proceeded at speed u in average, with the last one, which had been at x—uA¢ just passing by
at location x when we stopped counting at t+A¢. Thus, N(t— t+Af) = n x uAt, and we have
the relation:
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Note that the units work out: # being a number of vehicles per distance and u being a
distance per time, the product nu is a number of vehicles per time, as ¢ must be.

Thus, there is a first relation between the three quantities »n, u and ¢. It turns out
that there is a second one, which arises from the conservation of “mass”. Indeed, we can
write a vehicle budget, that is, follow the change in the number of vehicles over time for a
stretch of road by considering the number of vehicles entering upstream, entering or exiting
from the side at intersections or from driveways, and exiting downstream (Figure 15-2).
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Figure 15-2. Vehicle budget for a stretch Ax of road.

We consider a zone of road of length Ax for a time interval Az. During this time interval,
the number of vehicles that enter the zone up the road is g(x,f)At, the number of vehicles
that leave the zone down the road is g(x+Ax)A¢, and the number of vehicles that enter or
leave from the side is, say SAxAz. The net leads to a change in vehicle number within the
zone from 7 to t+At:

n(x,t+ At) Ax = n(x,t) Ax + q(x,t) At —q(x + Ax) At + S Ax At .

In differential form (limit of vanishing Ax and A¢), the outcome is:

on %4 _g (15-5)



in which the term S (for source) stands for the number of vehicles entering minus those
leaving the road per unit distance and per unit time. In the absence of vehicles entering
and leaving the road and with relation (15-4), we have:

on o(m) (15-6)
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This is to be compared to
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respectively for one-dimensional compressible flows (with density p) and one-dimensional
river flow (with water depth /). The similarity could not be more evident, and the meaning
is the same for all three equations: A convergence of the flow leads to a pile-up, and a
divergence to a thinning-out.

15-2. Drivers’ unbeknownst behavior

Thus far, we have two relations between our three quantities n, # and g. To close
the system, we need a third equation. For a fluid, we had to consider the forces acting on
the flow like gravity, pressure, and bottom friction in hydraulics. For traffic, what could
the “dynamics” be? It depends on a multitude of elements, including road and weather
conditions, general driver behavior, their reaction to stimuli, and vehicle characteristics
such as braking power. Several models have been proposed over the years, of which we
will only retain two, one that combines a good level of realism with mathematical
tractability and a simplified version of the latter to make the math even more
straightforward.

A most elementary approach is to assume that there is a direct relationship between
vehicle speed and density based on the following observation: Motorists tend to adjust their
speed to how close they are to the vehicle in front of them, and this distance depends on
how many vehicles are on the road at the time. This assumption was borne to be holding
true in measurements of traffic through the Lincoln and Holland Tunnels leading into New
York City', among other roads. Figure 15-3 shows data obtained by Greenberg (1959) in
the Lincoln Tunnel. We immediately note that vehicle speed is highest when there are few
other vehicles on the road and decreases with increasing vehicle density. When we couple
this observation with the fact that speed vanishes in a traffic jam, we are brought to seek a
relation of the form:

! Tunnel traffic is easier to study because vehicles are not allowed to enter or exit for a relatively long stretch
and some statistics, such as vehicle count over some distance, are easier to determine. The Lincoln and
Holland Tunnels are each around 2 km long and were dug under the Hudson River to connect New Jersey
to Manhattan.
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with the function fbeing a monotonically decreasing function of vehicle density # such that
it falls to zero when n reaches njam. The scaling factor U is expected to be related to how
fast a vehicle travels when it is alone on the road.
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The curve fitted to the data on Figure 15-3, which is an excellent fit, corresponds
to the log law
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which may be deduced from considerations of the reaction time of a driver to a change of
speed of the vehicle in front of it (Rothery, 1998, Eq. (4.39)). The thinking goes as follows.
Drivers control their vehicle speed only indirectly through its acceleration or deceleration
by means of the accelerator and brake pedals, and the primary reflex is to adjust driving to
the distance with the vehicle in front. If this distance diminishes, the driver will decelerate;
if it lengthens, the driver will tend to accelerate. Mathematically if vehicle i is at position
xi(f) at time ¢, its speed is u; = dxi/dt and its acceleration is dui/dt = d°xi/df?. The distance to
the previous vehicle is i = xi-1 — xi , and the driver’s reflex may be expressed as:

du, _U dl,
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which indicates proportionality between the acceleration (deceleration) dui/dt and the
change in distance d{i/dt to the previous vehicle, with both increasing or decreasing
together. The coefficient of proportionality is taken as U/{; to vary inversely with distance
i because a driver has a tendency to brake less when there is ample distance with the
vehicle in front and to brake more when the distance is small. Coefficient U is a constant
with the dimension of a speed. Time integration of (15-10) yields:

u,=Ulnt,+b, (15-11)

in which b is a new constant. This last equation relates the speed of a vehicle to the distance
to the vehicle in front of it. Now, this distance to the vehicle in front of it is related to the
vehicle density through none other than n; = 1/{i (one vehicle per distance ¢:;). Since
vehicles come to rest (u; = 0) when traffic density reaches jam capacity (njam), the constant
b must be b = +U In njam, and Equation (15-11) can be expressed as

n.
u,=UIn—=.
n.
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This is none other than earlier expression (15-9) after dropping the index i which is no
longer necessary.

The best fit to the Lincoln Tunnel data is obtained for 7jam = 142 vehicles/km and
U = 28 km/h. According to Equation (15-9), the velocity drops to zero in a jam, as
expected, but is not bounded by a finite value when the vehicle density tends toward zero.
That latter behavior is not realistic, for there should always be a lone-driver top speed based
on the existence of a legal speed limit, the condition of the road and weather, and the
vehicle’s power.

A simpler and possibly simplest mathematical model of traffic flow corresponds to
a linear relation between vehicle speed and traffic density:

%:2(1—LJ. (15-12)
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The factor 2 will become clear in a moment. Admittedly this is not an ideal fit (see Figure
15-3), but it does capture the essence of the dynamics and has the advantage of leading to
a finite speed at zero vehicle density. In this case, the maximum speed, which is equal to
2U, is called the free speed, the speed of a lone driver on the open road. The fit shown on
Figure 15-3 corresponds to njam = 108 vehicles’km and U = 27 km/h. Of course, these
numbers are only for the Lincoln Tunnel and will vary from road to road or even based on
weather condition for a given road.

15-3. Open road and congestion



An immediate consequence of the existence of a decreasing law such as (15-9) or
(15-12) to capture driving dynamics is that the flow vanishes at both lowest and highest
speeds because in a jam (n = njam) vehicles are not moving and at zero vehicle density the
road is empty. Being zero at both extremes and positive in between, the vehicle flow rate
g = nu must reach a maximum for some intermediate value of vehicle density, and this is
what we indeed observe in Figure 15-4. The value of the maximum is the road capacity.
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It is worth noting that the slope of a straight line in a g—n graph is the vehicle speed
because the ratio g/n is the vehicle speed. In particular the slope uopt of the line from the
origin to the point of maximum flow is the ideal speed at which motorists should be driving
so that the road carries the most vehicles. This obviously is not necessarily what individual
motorists would prefer, for they are more inclined to go as fast as they can to save time
than to care about others on the road. Thus, we see that what is best for the road users as a
group may conflict with what individuals may wish to do. This conflict may explain the
aggressive behavior on the part of some drivers...

According to models (15-9) and (15-12), the vehicle densities corresponding to the
flow maxima, and the associated optimal velocities are?:

Log model: n,, =e'n,, =0.37n
1

Linear model: n . =—n

opt 2 jam

u  =U (15-13)
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2 For the parameter values that give the best fits to the data, uep is 28 km/h for the log model and 27 km/h for
the linear model, close to each other coincidentally, resulting in a single arrow on Figure 15-4. These
numbers, of course, are not universal as they are very much dependent on the road under consideration,
the Lincoln Tunnel in the case of the data used here.]



Thus, the parameter U represents the velocity at maximum flow in both cases. [This
justifies the introduction of a factor 2 in (5-12).]

Because of the presence of a maximum, we find that the same vehicle flow can
occur under one of two situations: one with lower vehicle density and higher speed (left
rising branch of curve) and the other with higher vehicle density and lower speed (right
falling branch of curve). This is very similar to the situation in hydraulics with the twin
possibilities of the same discharge occurring either with fast thin flow (supercritical flow
for Fr > 1) or with slow thick flow (subcritical flow for Fr < 1). The analogue of the
Froude number is the ratio u/U of the vehicle speed to the speed at maximum flow.

By carrying the analogy a bit further, we expect that fast travel with low vehicle density is
the lesser stable situation of the two, and that a minor perturbation may trip the traffic to
switch abruptly to slow and congested traffic, in a way reminiscent of a hydraulic jump.
In other words, the situation that every driver wishes to experience, an unencumbered road
allowing a higher speed, is actually less likely to happen than congested, bumper-to-
bumper traffic. It is therefore the duty of the road engineer to ensure that perturbations are
kept to a minimum.

15-4. Moving perturbation

Just like a river may be affected by a flood wave or hydraulic jump, traffic flow is
susceptible to moving perturbations. We could call these traffic waves, and they are
familiar to us although we may have never thought of them as waves. A prime example is
the pile-up of vehicles at a red traffic light and the expansion of traffic that follows when
the light turns green.

The quickest and most intuitive way of describing a traffic wave is to consider that
it does not take too much space on the road, maybe a car length or two, with one state of
traffic feeding into it at one end and an another traffic state leaving from it at the other end,
as schematized on Figure 15-5.
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Figure 15-5. Schematic description of a traffic disturbance. There is a short zone of transition
stretching from Point A to Point B, with vehicles entering at A with density n4 and speed u4, and
exiting at B with density 7 and speed up. The transition zone itself travels with its own speed c.
The right panel depicts the same situation but in the framework of the traveling transition zone after
subtraction of speed ¢ from all speeds.

In the moving frame of the transition zone (right panel of Figure 15-5), the influx
of vehicles at Point A is n4 (u4 — c) whereas the efflux of vehicles at Point B is ns (us — ¢).
We seek to characterize a pure traveling disturbance and so assume that there is no other
dynamics but this traveling disturbance. In the absence of other transients, there cannot be
any accumulation or depletion of vehicles in the transition zone, and the number of vehicles
entering at A must match the number of those exiting at B:

n, (uA _C) =Ny (uB _c)a
from which follows:

ety MUy _ 95— 94 (5-15)
ng—n, np—n,

This simple expression has a neat graphical representation: It is the slope of the line
connecting traffic states A and B on the g—n graph, as illustrated in Figure 15-6. There are
two possibilities, either the wave travels forward, albeit not as fast as vehicles (¢ > 0, left
panel), or it travels backward (¢ < 0, right panel). Either way, vehicles catch up with the
disturbance at A and end up switching from traffic State A to traffic State B. that exists
ahead. Figure 15-7 shows vehicle trajectories in a distance-versus-time graph.
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Figure 15-6. Speed of a traveling traffic disturbance represented on the flow-density graph. If the
traffic state switches from State A to State B, the transition zone over which this occurs moves
through the traffic with a speed ¢ equal to the slope of the line connecting Point A to Point B on
the graph. The value can be positive (left panel), in which case the perturbation moves forward,
but at a speed lower than the vehicle speed, or it can be negative (right panel), in which case the
perturbation moves backward against the flow of vehicles.
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Figure 15-7. Vehicle trajectories corresponding to the case of Figure 15-6 — left panel with positive
wave speed. Note that, although the wave moves forward (black line), vehicles on the upstream

side (State A — green lines) catch up with it and emerge on the other side traveling at a lower speed
(State B —red lines).

For the linear law of traffic dynamics, the expression for c¢ is relatively simple.
Straightforward algebra following use of (15-12) into (15-15) yields:



c=2U(1—”A+"BJ, (15-16)
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which may be positive or negative. It is more complicated for the log law (15-9).

If State B is the state of rest (us = 0) such as traffic coming to a stop at a red light
or because of an accident, the wave speed becomes

oot (5-17)
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which is always negative, propagating upstream so that arriving cars come to a stop. A
bottleneck is created, expanding backward and engulfing an increasing number of vehicles
as long as the obstruction persists.

15-5. At the traffic light

The situation at a traffic light, which alternates between red and green, is an
instructive example. The situation is best described graphically as shown in Figure 15-8.
Traffic steadily arrives in State A of the low density, high speed regime. When the light is
red, vehicles are forced to stop (State B), generating a backward propagating compression
wave (with speed given by the slope between Points A and B on the accompanying flow-
density diagram), which in turn causes an increasing number of vehicles to stop. At some
pre-determined time, the light turns green, and the stopped vehicles begin to move again
(State C), generating an expansion wave propagating backwards that eventually catches up
with the earlier compression wave and terminates it. Thereafter, the vehicles that keep on
arriving in State A switch to State C as they approach the traffic signal. This traffic
modification occurs along a third wave, which is propagating forward. At some point, the
light turns red again, and the cycle repeats.

A noteworthy detail is the fact that some vehicles approaching the traffic light soon
after it has turned green are forced to stop nonetheless because the compression wave has
not yet been terminated by the expansion wave. The situation of one such vehicle is
highlighted with a thicker trajectory (in bottom panel of Figure 15-8). The driver of this
vehicle may be irritated at having to stop while the light is obviously green, perhaps
exclaiming “Come on, guys! What are you waiting for? The light is green!” If a traffic
engineer were sitting in the passenger seat next to this driver, they would calmly respond:
“They are waiting for the expansion wave to catch with the compression wave.” Such a
propos would naturally soothe the driver, or would it not?
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Figure 15-8. Graphical representation of the alternating dynamics at a traffic light. When the light
turns red, a compression wave travels backward, engulfing an increasing number of vehicles, but
when the light turns green an expansion wave travels backward at a faster pace eventually catching
up with the compression wave. The thicker trajectory corresponds to a vehicle approaching the
traffic light after it has turned green but being forced to come to a complete stop nonetheless.

For the traffic signal to work properly, two conditions are necessary. First, once
the light turns green, the vehicles that had been stopped (State B) must start traveling in a
State C that corresponds to a greater flow than arriving State A. This is so that the
expansion wave speed cs—c is greater than the earlier compression wave speed ca—s and
can catch up with it. Second, the light must remain green for a sufficiently long time so
that all vehicles that had come to a stop have a chance to pass through before the light turns



back to red. The lower panel of Figure 15-8 depicts a situation where the last stopped car
barely passes through while the light is still green.

15-6. Why do we slow down? There is no problem!

Another interesting example is that of a heavy truck entering the highway where it
goes uphill (Figure 15-9). The truck is slow and creates a traffic back-up, or, to be more
precise, it generates a compression wave (A—B) in its wake. Although this compression
wave actually progresses forward, vehicles catch up with it and are forced to slow down to
the truck’s speed. Interestingly enough, if the truck exits the highway a little later, the
recovery is not instantaneous. Rather, a retrograde expansion wave (B—C) is generated
that eventually catches up with the earlier compression wave, cancelling it.

The time it takes for the expansion wave to catch up with the earlier compression
wave will cause some vehicles, like the one corresponding to the thick trajectory (in bottom
panel of Figure 15-9), to slow down to the truck’s speed after the truck has exited the
highway and gone out of sight. The drivers of these vehicles can rightfully wonder “Why
do we slow down here? There is no problem!” The answer, obviously, is that there had
been a problem and that it takes time for the past problem to be resorbed. Traffic
adjustments do not proceed at the speed of sight, which is the speed of light.
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Figure 15-9. Graphical representation of what happens when a slow truck enters the road, slows
the traffic behind it, and exits. The thicker trajectory corresponds to a vehicle that begins to slow
down after the truck has already left the road, showing that a past disturbance can have a prolonged
effect because of the finite speed of wave propagation.

15-7. Pedestrian flow in a subway tunnel

A third and last illustrative example is one of pedestrian traffic in a subway exit
tunnel with a narrower construction zone somewhere along the way (Figure 15-10). The
interesting aspect of this case is that the pedestrian traffic is intermittent, with a certain
flow duration after the arrival of a subway train and a lull before the arrival of the next



subway train. The question is how much pedestrian traffic slowdown can be tolerated by
the construction so that all passengers from one subway train can pass through the
construction zone before the passengers from the next train begin to arrive. As for the
previous two examples, the situation is best describe graphically.
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Figure 15-10. Graphical representation of the intermittent pedestrian traffic in a subway exit tunnel
with a restriction along the way. All passengers discharged by one train must have passed through
the constriction before the passengers from the next subway train arrive at the constriction.

Thought problems

15-T-1. A certain set of drivers cause traffic dynamics on a certain highway to obey the
linear law (15-12) with observed values of U and njam. Based on accident records, the
local police has determined that safety must be increased. Which of the two parameters
should be changed and in which direction?



15-T-2. The advent of driverless cars would make it possible for cars to drive in so-called
platoons. The claim is that car platooning would increase road capacity. Learn about
car platooning and explain how road capacity could indeed increase.

15-T-3. Traffic flow is treated here as a one-dimensional fluid flow. Can you conceive of
a two-dimensional extension? Does a multi-lane road constitute a two-dimensional
situation?

15-T-4. Is there the equivalent of a Bernoulli Principle hiding behind expressions (15-9)
or (15-12)?

15-T-5. A traffic light question that seems impossible to solve by not having enough time
for the green light phase because of the demands of other roads and turning lanes at the
intersection. Brainstorm about a solution (with adding a second lane being the only
working solution).

Quantitative Exercises

15-Q-1. Invoking dynamics similar to that of a fluid, the dynamical equation of traffic can
be cast as a momentum equation of the type:

a—u+ua—u:—la—p (5-18)
ot Ox non

Find the expressions for the “traffic pressure” p that corresponds to the logarithmic law
(15-9) and to the linear law (15-12).

15-Q-2: For two traffic states A and B, with B being denser than A (ns > na), show that
wave speed of the transition of one into the other is always lower than both vehicle
speeds.

15-Q-3. Assume that on a certain road traffic dynamics follow the log law (15-9) with U
=45 km/h and njam = 175 vehicles/km. What is the road capacity? What are the two
possible speeds of vehicles when traffic flow is at 50% of capacity? For the higher of
the two speeds, what is the retrograde speed of the compression wave created by a red
traffic light?

15-Q-4. For the conditions given in the preceding problem, what is the retrograde speed
of the expansion wave that begins when the light turns green? How long does it take
for the expansion wave to catch up with the compression wave? Assume that the traffic
passing at the green light corresponds to maximum flow.

15-Q-5. Consider the slow-truck situation of Section 15-6 with attending Figure 15-9. If
traffic dynamics on this uphill highway obey the linear law (15-12) with U = 45 km/h
and zjam = 190 vehicles/km,
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15-Q-6. Consider a two-lane highway that at some point is reduced to single-lane traffic
due to road construction (Figure 15-11) and assume that the same linear law (5-12) with
the same parameter values U and njam describes dynamics in every lane of both zones.
In the two-lane zone, each traffic lane behaves as the other. If traffic flow is at maximum
capacity in the one-lane construction zone, what is the vehicle speed there and in the
two-lane stretch before the construction zone? Do vehicles accelerate or decelerate once
they have merged into single-lane traffic? If steady oncoming traffic causes a
bottleneck, what does this mean about this oncoming traffic? Is it possible that no
bottleneck could occur?



