Chapter 16
Sand and Granular Materials

16-1. Granular materials like and unlike common fluids

A granular material is defined as a collection of a very large number of discrete
solid elements, in contact with one another, so large that we may consider the set as a
fluid with each grain assimilated to a large molecule. One difference is that grains are
discernible to the human eye while molecules are not. But we will see that there many
other and surprising differences.

The space between grains, called interstices, is filled with an ambient fluid in which
the granular material is bathed, usually air or water. So, technically, the flow of a granular
material is a two-phase flow, but a granular flow is distinguished from a general two-
phase flow when the close packing causes grain-grain interactions to dominate the
dynamics over grain-fluid interactions.

Depending on the local stress, the behavior of a granular material can transition
from that of a solid to that of a fluid. Granular materials like sand, grain, powders, or sugar
crystals may appear to behave as fluids when they are in motion. A good example is the
slipping of dry sand between our fingers (Figure 16-1), not unlike water would. An
agricultural example is the pouring of grain into a truck (Figure 16-2) or of corn into a silo.
At home, we are familiar with the dispensing of sugar from a container through a small
orifice.

Figure 16-1. Dry sand slipping through
the fingers of the hand, showing a
similarity with fluid flow. (Photo credit:
Accelerated Carriers, Ltd.)




Figure 16-2. Grain being loaded
into a truck. (Photo: Accelerated
Carriers, Ltd.)

But, once the pouring ends, we notice two aspects that make a granular material
no longer behave like a fluid. First is the immediate end of all motion. Unlike water poured
into a glass, which may remain agitated by waves and turbulence for some lingering time,
a granular material comes to rest immediately. This tells us that the individual grains do
not behave like fluid molecules. Collisions between grains are very inelastic and thus
energy dissipative. The second aspect is that the granular material forms a pile with a
noticeable surface slope and not a horizontal surface.

16-2. At rest: Angle of repose

Before examining how granular materials behave in motion, it is interesting to
consider first how they behave at rest. Everyone is familiar with piles of sand or gravel as
depicted in Figure 6-3 below. Slightly less familiar perhaps is the volcano-like mount that
surrounds some antlion hole which are designed to catch wandering ants (Figure 6-4).
Clearly, the surface of the coarse and dry sand or gravel forms a definite angle with the
horizontal. Itis so well defined that the pile takes the form of a well-defined cone (Figure
6-1) and in the case of the antlion mount of an outer cone with rising angle on the outside
and an inverted cone with the same angle on the inside. The question is why there exists
a particular angle.

Figure 16-3. Sand pile loaded from an
elevated spot and forming a cone with a
clearly defined angle of repose. (Photo:
Carla Whittington and Eric M. D. Baer)




Figure 16-4. A crater hole dug by an
antlion designed to catch ants that
venture on the precarious angle of
repose. The unfortunate ants slide with
a small sand avalanche into the center
hole to be eaten by the waiting antlion

The answer is found in the avalanche process. Imagine that you have a horizontal
disk like the top of a circular stool and that with you keep pouring sand over it’. The sand
makes a pile that grows until it reaches the edge, at which time excess sand cascades
down the pile, goes off the edge, and falls on the floor below. When this happens, and
you will notice it if you proceed slowly, the last few grains that got dropped seem to be
precariously perched on the surface in a few remaining spots that can hold them, until
there are no more such spots, and new grains must cascade down the pile and go off the
edge. In doing so, these rolling grains perturb the precariously deposited grains, which
get entrained in the falling motion. The number of grains in motion increases, and we can
say that an avalanche occurs.

Such an avalanche reduces the slope of the pile and in so doing restores some degree of
equilibrium to the pile. The next few grains dropped onto the pile find nooks and crannies
to settle into until there is no more such room, and the next few grains trigger a new
avalanche. The result is that the pile on top of the stool cannot grow above a certain size
determined by how steep its slope can be. The maximum slope just prior to an avalanche
is a critical slope in the sense that it may not be exceeded. Its angle from the horizontal is
called the angle of repose. sometimes called also the dumping angle (Glower, 1995) Table
6.1 below lists the angle of repose for a few common granular materials. Note that the
crater angle (inverted cone) is a little steeper than the pile angle (upward cone). Values
are quoted for dry material. Wetness causes cohesion between grains, allowing for much
steeper angles of repose, all the way to vertical. An example is a sand castle built out of
wet sand on a beach.

Table 6-1. Angle of repose for common materials
(Sources: Glover, 1995, page 329; Durran, 2000, page 121; The Engineering Toolbox?).

Material Grain shape Pile angle Crater angle
Ashes - dry irregular 33°
Tree bark irregular 45°
Clay - dry irregular 45°

1 A smaller-scale experiment is to pour granulated sugar from the bag onto a spoon.
2 https://www.engineeringtoolbox.com/dumping-angles-d_1531.html



Coal irregular 37.5° 41°
Coffee beans ellipsoidal 35-45°

Corn grits irregular 30-45°

Flour — wheat irregular 45°

Gravel irregular 40°

Peanuts — shelled oblong 30°

Sand —dry irregular 35° 39°
Sand —damp irregular 40°

Soil - loose irregular 28°

Stone irregular 30°

Sugar — raw cane irregular 45°

Tapioca spherical 30° 37.5°
Wheat irregular 28°

16-3. Stresses in a two-dimensional pile

Consider for simplicity a two-dimensional pile of spheres (as done by Liffman et
al., 1992). In this packing of layers, each sphere of mass m rests in the cradle of two
spheres below and bears the partial weights of two spheres above, as depicted in Figure
16-5, with L denoting a force from the upper left and R a force from the upper right. Note
that the spheres in the same layer may not be touching each other, allowing for an
arbitrary angle @ of the forces with respect to the horizontal, which we can equate with
the angle of repose of the material.

Figure 16-5. Forces on a particular
sphere inside a two-dimensional pile of
identical spheres.

The horizontal and vertical balances of the contact forces are:

16-1a
L 10050 + R 20089 =R 10050 + L 20050 ( )

16-1b
L 1sin9+ R 1sin9 + mg :stin9+ L2sin9 ( )

Dividing these equations by cos@and sind, respectively, yields:



L,—R,=L —R,

mg
siné

L2+ R2=L1+Rl+

Then the sum and difference of these equations provide the left and right contact forces
from one layer to the next one down in terms of the added grain weight:

mg (16-2a)
L ) =L Tt
2sin@
mg (16-2b)
R ) =R T
2sind

Let us now apply these relations to a two-dimensional pile as depicted on Figure
16-6 with attending notation.

>.<R(m —1,n)
R(m,n) 17 L(m,n)

Figure 16-6. A two-dimensional pile of granular material, with individual grains
not drawn but imagined to be centered at the locations of the small circles. The
indices m and n serve as the coordinates of each grain, on which the forces are as
depicted in the lower left sketch.

Equations (16-2a-b) take the form

L(m,n)y=L(m,n—1) +w (16-3a)

R(m,n) =R(m-1,n) +w (16-3b)



in which w stands for

A (16-4)
2sind

with p being the density of an individual grain and V'its volume. With no forces at the top
and along the edges, that is, with L and R vanishing when one of its indices is equal to —
1,

L(-1,-1)=R(-1,-1)=0. L(m,—1)=R(-1,n)=0 (16-5)
the solution to (16-3a-b) is simply:

L(m,n)=(n+1)w, R(m,n)=(m+1)w (16-6)
Strangely, this indicates that the forces are largest along the edges and least in the center,

as depicted in Figure 16-7. The force on the ground supporting the pile increases from the
middle outwards, although its vertical component is uniform (equal to 8wsiné).

Figure 16-7. Compressive force distribution in the two-dimensional pile, with the largest
forces on the edges and lowest force in the middle of each row. The red arrows indicate the
net forces on the ground supporting the pile. All these forces have the same vertical
component but have a lateral component increasing outward, creating the largest forces on
the ground at the extremities.

It is counterintuitive to realize that the vertical force onto the ground is not largest
at the center where the pile is thicker. The reason is that much of the grain weight is
deflected sideways like in a stone arch. There is no arch that could be identified in Figure
16-7 (because there is no shielded interior zone with no forces), but we can think that
there is an “arch-like” behavior that acts to reduce the need for support from below by



deflecting some of the load the side. We shall return to the concept of arching inside
granular materials (Section 16-7).

Further to the point, measurements under actual sandpiles reveal a noticeable
minimum ground pressure under the center of the pile. One explanation is a self-sorting
mechanism that separates larger grains from smaller ones during the agitation caused in
the formation of the pile (Liffman et al., 1994). The larger grains tend to migrate to the
surface during agitation (see Thought Problem 16-T-2 below), enhancing the arching-like
behavior on the sides, thus shielding to some extent the smaller grains inside the pile.

The preceding model considered only normal forces between elements of the
granular material, but given that in most instances (see Table 16-1) the material consists
of irregular grains, it stands to reason that there should also be non-normal forces

between grains. Experimental observations (Duran, 2000, pages 49-50) suggest a simple
law of friction for granular materials:

F,=pN (16-7)

which gives the frictional force £+ between grains as a linear function of the normal
force N between them.

16-4. The paradox of grain in a silo

Janssen’s model (1895) — Durran’s section 3.1.4.

Constitutive equations (Bouchaud, Cates & Claudin, 1995) — wave-like solution

16-5. Compaction

Footprints in Wet Sand
Why footprints in sand make dry patches



Figure 16-. Sand becomi'ng dry under foot presure on a wet-
sand beach. (Photo credit: Terra Roisin)

https://www.wsj.com/articles/the-magic-of-footprints-in-wet-sand-
11561645147?emailToken=4a4bda975220f8d3746d1d1a910426136tyekcvGLR7PoryP1P
ganeD9nDx/TVLj5RXN5mAKIkjFPkQDBXYJr23n+B3mTLtNFo7/3ubWL/nU4Ti71qfe5g%3D
%3D&reflink=article_email_share

Figure 16-5. Sand becoming dry under foot
pressure on a wet-sand beach.

Text

16-6. Avalanches

Duran, Chapter 4
Also check: https://royalsocietypublishing.org/doi/10.1098/rspa.2016.0846
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Figure 13.5. Typical flow regime map for uniform shear flow in a plot
of the dimensionless overburden or normal stress against the parameter,
K/psD3*3?, as determined from the fixed normal stress computer simula-
tions of Campbell (2003) (for the case of a friction coefficient of p* = 0.5
and a coeflicient of restitution of e = 0.7).

Two angles of repose: If higher value exceeded, an avalanche occurs; rest after
avalanche has a slightly lower angle of repose.

16-7. Flow of grain in a chute, blocking by arches

Figure 16-6. Schematic description of grain flow in a chute.

Rice grains down through a funnel (Vanderbilt, 2008: Traffic, middle of page 122 + note
#123 pages 329-330 with ref therein).



Analogy between granular flow and vehicular traffic (van der Weele et al., 2003 — or
perhaps better source)

16-8. Plug flow

Now consider what happens when the fluid in the spaces between the solid
elements of a granular material becomes dynamically relevant. Good examples are sand
storms (ref) and slurries (ref). We now have to consider grain-fluid interactions in addition
to grain-grain interactions.

One-dimensional plug flow.

16-9. Sediments: entrainment and deposition

Text

16-10. Ripples and dunes
Text

Back to angle of repose in lee side of dunes (?)

Thought problems

16-T-1. Consider the sand timer also called the hourglass. Why is sand or a fine powder
used here instead of a liquid like water? Look up what a “clepsydra” is and explain why
the sand timer eventually became the preferred instrument to measure time by the
minute or hour before the advent of the pendulum clock.

16-T-2. The so-called Brazil Nut Effect: When you open a can of mixed nuts after shaking
it vigorously, you will find that the largest nuts tend to be on top. This is counter-
intuitive because we could reason that the larger nuts are the heavier ones and should
therefore fall to the bottom, not float on top. Consult the article Granular Convection
on Wikipedia and/or read the following brief article

Why does shaking a can of coffee cause the larger grains to move to the surface?
By Heinrich M. Jaeger, Scientific American, 9 May 2005.
https://www.scientificamerican.com/article/why-does-shaking-a-can-of/




and summarize the reason(s) why the opposite occurs. Side teaser: How could you
ensure that the larger nuts are at the bottom after opening the can?

16-T-3. Question

Quantitative Exercises

16-Q-1. Take a cup of rice and pour it through a funnel into a saucepan below. Do this
twice, the first time quickly, all at once, and the second time slowly so as not to clog
the funnel. Each time, measure the time it takes to get all the rice through the funnel.
In which case did the rice flow more quickly through the funnel? What is the relative
time difference?

16-Q-2. Follow-up on the preceding problem: Repeat with the previous kitchen
experiment with different amounts of rice and different funnel sizes if possible. Is the

relative time difference a constant or not (in first approximation)?

16-Q-3. Question



