Chapter 3
When the fluid is flowing
Part 1: Motion only

3-1. Velocity

The most ubiquitous aspect of fluids is that they flow. So, we shouldn’t spend too
much time on fluids at rest, and the previous chapter was enough. Needless to say, the
fundamental variable in motion is velocity, which in a fluid may vary not only over time
but also from place to place. Indeed, when a fluid is in motion, not all of its particles need
to move in the same way. Some may move slower and be overtaken by others such as in
the vicinity of a solid boundary that offers frictional resistance. Consider for example the
flow in a river: The water near the bottom scrubs against an uneven bottom making it
subject to more friction than the water at the surface, and the velocity increases with
height from bottom to top. Another reason for non-uniform flow is geometry: The flow
of air around a moving vehicle is not the same in the front, on top and behind; also, in
front the air stream bifurcates between a portion that flows under the car and another
that flows over the car. There are many natural systems and engineering applications that
actually take advantage of the non-uniformity of the flow. Prime examples are the flight
of birds by flapping wings and conversion from fluid motion to mechanical energy in a
turbine.

Not only is the velocity in a fluid flow possibly changing with time ¢ and location
(x,y,z) of a point within the three-dimensional space occupied by the fluid, but the

velocity may also vary in direction. Thus, we need to consider the velocity as a vector,
with each of its three components depending on all four space and time variables. We
write:

V= (u,v,w) with u =u(x, y,z,t),v=v(x,y,z,t)and w = w(x, z,1) (3-1)

in which u#, v and w are the three velocity components, respectively directed along the
x—, y—and z - axes. In most situations, the direction of x is taken along the primary

flow direction, if there is one, y horizontally transverse to the main flow direction, and
z upward.

Likewise, if the fluid is compressible, its density is considered to be a function of
both space and time:

,Ozp(x,y,z,t). (3'2)
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3-2. Trajectories, streamlines and streaks

If one were to follow a fluid particle over time, its path could be traced as a line in
three-dimensional space. Such a line is called a trajectory, like the trajectory of a smoke
trail left behind an airplane doing acrobatics (Figure 3-1). Tracking multiple trajectories at
once from some upstream region leads to a bundle of lines, which can be more or less
tangled depending on the complexity of the flow. Trajectories can intersect, for a later
particle can pass where an earlier particle used to be but with a different velocity because
the flow may have changed in the meantime (Figure 3-2).

Figure 3-1. Smoke trail drawn by an airplane
performing acrobatics. The smoke trail traces
the trajectory of the airplane (assuming no
significant ambient wind)

(Photo credit: dreamstime®)
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Figure 3-2. Trajectories of subsurface floats in the Gulf Stream at depths of about
380 m. The grey zones represent the bottom topography in the region. (Graph
prepared by oceanographers at the Graduate School of Oceanography, University
of Rhode Island, USA)
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Oftentimes in meteorology, especially in studies of air pollution, it is desirable to
know where the air has come from in order to identify the source of the problem. While
it is impossible to trace trajectories backward in the atmosphere or wind tunnel
simulation, it is straightforward to march time backwards in a computer simulation. This
leads to the concept of back trajectories, trajectories determined from their end point
rather than their starting point. Figure 3-3 provides an example that explains Sahara sand
deposition over southern Germany.

Trajectory heights above ground in metres:
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Figure 3-3. Back trajectories constructed from a meteorological model to
determine the origin of Sahara sand deposition in Bavaria, Germany in
February 2016 (top right point on the map). Colors indicate the height of
the trajectory, with red being closest to the ground.

(Credit: Earth Observation Center of the German Aerospace Center)

A streamline is an associated concept that differs from a trajectory in the following
way: A streamline is a line drawn along the flow, that is, a line everywhere parallel to the
local velocity at a particular time. Thus, a streamline gives us a snapshot of the flow at the
time of observation. Unlike trajectories, streamlines do not tell us what the flow will do
later or did earlier. Streamlines cannot intersect one another because the velocity
direction is uniquely defined at every point of space at the time of consideration. If the
flow is unchanging with time, which is said to be steady, then trajectories and streamlines
coincide. Figure 3-4 shows such an example.
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Figure 3-4. Computer simulation of the flow through a hair dryer
visualized by trajectories. The color along each trajectory depicts the
magnitude of the speed, with blue indicating a low speed, green, yellow
and orange, gradually increasing speeds, and red the highest speed.
(Calculations performed by SolidWorks® Flow Simulation)

There exist other means of visualizing a fluid flow. A streak is a line marking
particles that have all passed earlier through a specific point. While this may not be the
most helpful way to visualize a flow, it is relatively easy to create in the laboratory by dye
injection (Figure 3-5) or, if the fluid is water, by inserting a thin electrical wire along which
passing water rapidly forms tiny hydrogen bubbles that are then transported
downstream.

Figure 3-5. An example of dye injection creating streaks revealing the flow pattern
in the wake of a projectile. (Source: Rolling Hills Research Corp.)
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3-3. Convergence and divergence

Oftentimes, there are places in the flow where the fluid is slowing down. New
particles arrive there faster than previous ones leave. The fluid from the rear then catches
up with the flow ahead. This is called convergence. Vice versa, there could be regions of
divergence, where the fluid flows away faster than the speed at which the replenishing
fluid arrives.

To illustrate the situation, consider a unidirectional flow in the x-direction, that
is, a flow in which the sole component of velocity u is changing with distance x. Thus,
we have a function u(x). Convergence occurs if the u value at lower values of x
(upstream particles) is greater than at higher values of x (downstream particles). In other
words, the derivative du / dx is negative because the increment of velocity du is negative
for a positive increment dx . Likewise, divergence occurs if du / dx is positive. Thus, in one
dimension:

du
—<0 < convergence
dx
(3-3)
du )
—>0 <« divergence.
dx
4
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Figure 3-6. Convergence-divergence in one and two dimensions.

A convergent or divergent flow acts to shorten or stretch the length of separation
between neighboring fluid parcels. To see this, consider the left panel of Figure 3-6 in
which are shown two points, 1 and 2, with respective positions x, and x,, and respective

velocities u, and u, . The separation distance between the two is
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L=x,-x, (3-4)

which is a function of time because each position is a function of time. The relative rate
of change over time of this separation distance can be calculated and is found to be:

1dl 1 (& ﬁj_uz—ul du
dt dt

—= ~—. (3-5)
Ldt x,—x X, —x, dx

The near-equality in the last step turns into a true equality in the limit of the two points
chosen to be very close to each other. Thus, we see that convergence (du / dx < 0) leads,
as expected, to a shortening of the distance between the two points (dL/dt <0) and
divergence (du / dx > 0) to a stretching of the distance (dL / dt > 0). What Equation (3-5)
provides is a quantity that measure the rate of stretching or squeezing.

At two dimensions, the situation is slightly more complicated because the flow can
simultaneously converge in one direction and diverge in the other (or converge in both
directions or diverge in both directions). As shown in the right panel of Figure 3-6, we
define a set of four points that together define a rectangle. The area encompassed by this
rectangle is

A=(x,=x)(y, = ¥3) (3-6)

and its relative rate of change in time is given by

ldd 1|(dx, dx dy, dy,
= _ 1 _ + _ 473
A dt AK dt dt j(y4 »)+ xl)( dt dt

=1L =)= 35) (=) ()] 37)

U, —U, V,—V ou Ov
_ 2 1+4 3~ +—

= ~

X, =X Y,—y; Ox 8)’

This can be easily generalized to three dimensions. The object to be tracked now is no
longer a length or a surface but a volume, say V', defined as:

V=%, =x) (v, = y: (25 — 25), (3-8)

in which the z, and z, variables correspond to a lower and a higher elevation,
respectively. The relative change of volume over time is equal to:
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ld_Vza_u_i_@_i_@_w X (3_9)
Vdt ox oy o0z

We note that the relative rate of volume change is the divergence of the 3D velocity
vector (u, v, w).

3-4. Conservation of mass

We explored in the previous section the possibility of fluid converging or diverging,
which begs the question: What happens to the fluid when it arrives faster at a certain
location than it leaves from there? There can be only two possibilities: Either the fluid
“piles up” on itself by increasing its density or it escapes sideways. The situation is similar
to road traffic: Upon catching up with a slower vehicle, a car can either get closer to it or
switch to another lane. Vice versa, if the fluid flows away from an area faster than the
speed of replenishment, it can either “stretch” itself out by lowering its density or get
replenished from the side. In traffic, this would be increasing distance between successive
vehicles or merging from other lanes. Either way, just as the number of cars must be
conserved in traffic, the mass must be conserved in a fluid because nature requires it.

Since density was defined as the mass per volume (Section 1-5), mass may be
expressed as the product of density and volume:

Conservation of mass then requires:

o_dm_dpV) | dp, v 1)
dt dt dt dt
After division by V' and use of relation (3-9), we have:
d—p+p 8_u+@+8_w =0. (3-12)
dt ox 0Oy Oz

3-5. The material derivative

Expression (3-12) that we just obtained is not in the most helpful form. Indeed,
what is really the time rate of change d o/ dt of density? It can’t just be Op/ 0t , the time

derivative of density at fixed location (x, y,z), because we are dealing with the change
of density of a fluid parcel, not what would be measured at a fixed point where different
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parcels of fluid pass by. We need to track the change in density of a given fluid parcel that
we follow, and this brings us to considering the density not just as a function of time but
as a function of both time and space moving with the flow:

dx dy dz _

= 1), y(t),z(t),t) with —=u,—=v,—= 3-13
p=p(x@®), y(1),2(2),1) il B (3-13)
From this follows the particle-tracking derivative of density:
dp_op dpdr opdy  opds
dt ot oxdt oydt 0z dt
d—p=a—’0+ua—p+va—p+wa—p (3-14)

dt ot ox 0Oy oz

The preceding expression for the derivative of a quantity following a fluid parcel does not
have to be limited to density. We thus define in a general way the material derivative as:

de Qe Oe Oe Oe
—=—4u—+v—+w—-=0, (3-15)
dt ot ox oy 0z

in which the dot e stands for any variable associated with the fluid.

With expression (3-14) for the time derivative dp/dt of density, expression (3-
12) of conservation of mass becomes:

tu—+v—+w —t—t—

op  Op Op 6_p+ ou Ov ow 0
ot ox Oy 0z ox 0Oy 0Oz

or in a more compact form:

9p , Olpu)  o(pv) opw) (3-16)
ot ox oy oz

3-6. Conservation of volume

The previous considerations showed that there is an interplay between geometric
convergence/divergence and compressibility. But what happens when the fluid is
incompressible, like most liquids are? It is simple; we merely set the density p to a

constant. Equation (3-12) then reduces to its second term:
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ou oOv Oow
t—t—=

M IV N o (3-17)
ox 0y Oz

This means that, when the fluid is unable to shrink or stretch, the flow must be such that
any convergence in one direction must be compensated by divergence in another so that
the net convergence/divergence is zero.

Returning to Equation (3-9), we note that, when the total convergence/divergence
vanishes, the volume V' of space taken by a parcel of fluid must remain unchanged over
time; it can only be deformed but not diminished or increased in size. Put another way,
conservation of mass in an incompressible fluid requires conservation of volume. This
makes perfect sense since mass is the product of density and volume, and, if both mass
and density are constant, then volume must be constant, too.

3-7. Two dimensional streamfunction

In a two dimensional incompressible flow, conservation of mass and thus of
volume reduces to two terms:

ou +@ =0, (3-18)

ox 0oy
for a flow confined in the (x, ) plane. [Simply change the names of variables if the flow
is in another plane.] Equation (3-18) admits a so-called first integral:

U=——, v=+—m, (3-19)
Oox

because if u and v are of the form (3-19), Equation (3-18) is automatically satisfied. An
immediate consequence of this is that the projection of the velocity vector (u,v) onto
the gradient (0w / Ox, Ow / Oy) of the function y vanishes:

WV OV v ov Oyov (3-20)
ox oy oy Ox Ox Oy

This implies that the gradient of i is perpendicular to the velocity (Figure 3-7). Since the
gradient is by definition perpendicular to the direction in which  remains constant
(isoline of ), it follows that an isoline of i is oriented along the flow. Put another way,
isolines of y are streamlines, and  may be called a streamfunction.
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gradient of w:
oy o
ar dy

Figure 3-7. Flow velocity in relation to the isoline and gradient of the function
W . Since the isoline of i is aligned with the flow, it is a streamline.

side of lower
values of i
side of larger
values of i

3-8. Spin

Fluids often flow in more or less circular fashion rather than forward. Sometimes,
it is because they are confined in an enclosure, such as coffee being stirred in a cup, but
they favor circular motion even in open environments. An example is the swirling of
smoke emanating from a match as illustrated in Figure 3-8.

Figure 3-8. Swirling motion of smoke emanating from a match. Note the
inward spiraling at several locations. (Photo credit: mimenta.com)

The reason why fluids swirl is a complicated one that has largely to do with
instabilities of the otherwise forward flow. The study of instabilities and formation of
swirls demands an investigation of forces at play, a subject we are delaying to later
chapters, and in our present consideration of only velocities (kinematics), we seek to
answer the simpler question of how to quantify the amount of swirling.

The most basic swirling flow is that of solid-body rotation. If the z -axis is aligned
with the axis of rotation, then the rotation is confined to the (x, y) plane, and the velocity

components are
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u=—-Qy, v=+Qx, (3-21)

along the x-and y -axes, respectively. The key parameter here is the angular frequency
Q. For Q constant!, we note that this flow obeys the two-dimensional volume
conservation equation (3-18). Clearly, the flow spins faster if the quantity Q is greater.
Thus, it can serve as a measure for the strength of the rotation.

Consider next the spiraling pattern seen in Figure 3-8. In at least three locations,
we note the rotating flow appears to roll inward. This demands convergence in the
rotating plane and thus, for conservation of mass, a divergence along the axis of rotation.
Aligning again the z -axis with the axis of rotation, we are brought to describe the flow,
at least locally, as

u=—-Qy—-Cx, v=+Qx-Cy, w=2Cz, (3-22)

with additional terms containing the factor C > 0 to represent the convergence in the
(x,y) plane [Ou/ox+0v/dy=-2C <0] with compensating divergence in the third
direction [ow/0z=+2C >0]. Whereas the factor C quantifies the amount of
convergence and divergence, the factor QQ remains the only measure of rotation. The
guestion we wish to ask is: In this flow field or more complicated flow fields, how can we
isolate the amount of rotation from what else is happening?

The answer to this question is to form the following construct of derivatives of the
flow field:

=2 (3-23)

S ox oy

called the vorticity. In the case of (3-22), w =2Q, which is indeed a measure of the
rotation in the flow, irrespective of convergence or divergence. There is an unfortunate
factor 2 inserting itself here, but we will have to live with it. We just have to train ourselves
to distinguish spin () from vorticity (2Q).

The preceding expression for vorticity is actually but one component of a three-
dimensional vector that is the curl of the velocity field:

(3-24)

)_(8w v du Ow v auj

1or Q function of only distance ;= ./x2 +3? from the center.
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In the case of the flow field (3-22), the vorticity vector is @ = (0, 0, ZQ) , imparting to the

vorticity not only a magnitude (2€2) but also a direction, which is the direction of the axis
of rotation (in this case the z -direction). We note that the divergence terms ou/ox,
Ov/ 0y and ow/ 0z are absent from the terms in the vorticity expression (3-24). Clearly
then, vorticity excludes any measure of convergence or divergence; it is a pure measure
of rotation. A flow or region of a flow in which vorticity is nil is called an irrotational flow.

In closing, it is important to note that certain flows may have vorticity while not
appearing to turn. This is the case of a shear flow along a wall, say u(z) along a wall in
the x -direction with variation in the z -direction away from the wall. The vorticity of this
flowis @, =+du/dz >0 inthe transverse y -direction, parallel to the wall but to the left

of the flow. While the fluid is going straight ahead, a band of an imagined colored swath
of fluid as depicted in Figure 3-9 gradually tilts clockwise because its top end goes faster
than its bottom end. This is the rotation implied by the vorticity directed transversely (into
the page).

[N

u(z)

O

Figure 3-9. The presence of vorticity in a sheared rectilinear flow is
manifested by the progressive tilting of an imagined colored swath.

3-9. Circulation

A concept associated with vorticity (a measure of spin as we just saw), but
different from it, is that of circulation. Whereas vorticity is calculated at a point in the flow
by selective differentiation of the velocity components and arranging them in a particular
way, circulation is a quantity obtained by integration over a finite span of the flow. The
formal definition is:

F = qsutangential dS (3_25)

in which the integral symbol with a circle across it indicates a line integral along a closed
loop (which needs to be specified but can in general be arbitrary), ds is an infinitesimal
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length element along this loop, and u,,,.... is the velocity component tangential to ds .

The loop does not need to follow streamlines, as shown in Figure 3-10, but it might be.
For example, the circulation at the surface of a cup of coffee being stirred is the integral
of the velocity along the rim of the cup, which is a streamline.

i

—

.

Q

A

e =

Figure 3-10. In red, a closed loop for the calculation of
the circulation in parts of the wake of a cylinder.

;

To best grasp what circulation is, let us apply the concept to a rectangular loop
across the earlier shear flow of Figure 3-9, as now depicted in Figure 3-11. The perimeter
of this loop starts at point A and sequentially progresses clockwise to points B, C, D and
back to A. Application of definition (3-25) along this rectangular loop yields:

U =u(z) (x5 —x,)+vep(z, — z) +u(z,)(x, —x)+v,,(2, - 2) .

2

u(z)

& +u(z;) D

Zn
4

zero velocity J zero velocity
in downward direction in upward direction

uz,)
B A X

Z —

Figure 3-11. Calculation of circulation along a rectangular loop across a shear flow.

Since there is no velocity component away or toward the wall (v, =v,, =0) and the two

horizontal segments are equal (x,, —x. = x, — X, ), this expression reduces to:

M= [uz) - u(z))x, —x,) = W2 1E) (3-26)

Z, =4
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in which 4 = (x4 — xB)(z2 — z1) is the area inside the rectangular loop.

The connection with vorticity is that the circulation around a loop is equal to the
integration of the vorticity over the area contained within the loop:

r=u o= [Jous 527

In other words, the circulation around a loop is the flux of vorticity across the area defined
by the loop. We state this result without demonstration, mentioning only that it is a direct
application of Stokes’ Theorem in vector calculus. The equality is easily verified in the
particular case of the circulation across of the shear flow of Figure 3-11. Indeed, the
vorticity in the flow is du/dz in the direction transverse to the flow (and therefore into
the page, as noted in the previous section), and its integration from level z, to level z, is

[u(ZZ)_u(Zl)]' Multiplication by the length (x,—x;) of the rectangle to complete the

surface integration yields (3-26).

Thought problems

3-T-1. Consider the flow around a Porsche automobile depicted in Figure 3-12. What do
you think the lines represent? Are they trajectories, streamlines or streaks? Or, could they
be all of these? If so, under which condition?

Figure 3-12. Flow around a Porsche automobile, according to a computer
simulation. Colors indicate local speed values. (Photo credit: Exa Corporation)

3-T-2. Figure 3-13 shows an instantaneous depiction of the air circulation inside a hospital
operating room for the purpose of tracking paths between possible sources of
contamination and the patient on the operating table. If you were conducting such a
simulation study, what flow lines (trajectories, back trajectories, streamlines or streaks)
would you plot to best answer the question about risks of contamination during surgery?
Keep in mind that the flow varies over time because of the activity of the people in the
room.
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Figure 3-13. Computational simulation of flow inside a
hospital operating room. (Photo credit: mentor.com)

3-T-3. The end of Section 3-8 gave the example of the shear flow to illustrate a flow with
straight trajectories but non-zero vorticity. Can you conceive of the opposite, namely of a
flow with circular trajectories but zero vorticity?

3-T-4. Consider the motion of vehicles around a rotary in Xi’an, China as shown on the
aerial photo in Figure 3-14. There is obviously some “circulation”? here. How would you
go about representing traffic as fluid flow and then quantifying the amount of circulation?

bt g o ; AR .
Figure 3-14. Vehicular traffic around a rotary in Xi’an,
P. R. China. (Photo credit: Feature China / Barcroft)

- - L v N

Quantitative exercises

3-Q-1. In one-dimension, which may approximate flow in a long narrow pipe, the mass
conservation equation (3-16) reduces to

2 |t is interesting to note that the French word for road traffic is “circulation” (in addition to “trafic”).
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Show that the density of a fluid parcel must increase wherever the flow converges.

Figure 3-15. Flow emanating from a porous cylinder.

3-Q-2. The flow of water emanating from a porous cylinder of radius R submerged in a
water tank of depth H (Figure 3-15) is radial and two-dimensional with velocity
components given as:

u= Zsz, V= 2Ay2’ w=0, (3-26)
X4y X" +y

where A4 is a dimensional constant. (a) Show that this flow satisfies conservation of
volume at every point outside the cylinder, and (b) relate the constant A4 to the
volumetric flow rate Q injected through the top of the cylinder.

3-Q-3. Determine the streamfunction y(x,y) associated with the solid-rotation flow

given by Equation (3-21). Since the flow is circular, the isolines of the streamfunction
ought to be circles. Show that this is the case.

3-Q-4. The flow inside a tornado can be modeled as

(3-27)
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in which B is a constant coefficient. Find the expressions for the streamfunction and
vorticity associated with this tornado model. Show that the circulation around a circle of

radius r = +/x? +y2 traced in the counterclockwise direction is 2z B, which is a constant.
Explain any paradox.

3-Q-5. A rudimentary way to predict the weather in the next few hours is to find out
where the wind comes from and how the air temperature varies in that direction because
what is upwind will eventually make its way to where you are. Consider the following
situation: At your location, the sky is clear, the temperature is 15°C, and a 32 km/hour
wind is blowing from the West. You consult a weather map and note that the temperature
decreases from East to West by about 2°C every 100 km. It is morning, and you know that
with the rising sun the temperature rises about 1°C every hour, uniformly over a broad
area. Other processes that might affect the air temperature are deemed negligible over
the next few hours. Predict how the temperature will vary at your location over the next
4 hours. Hint: Begin by writing the material derivative of temperature.

x—IL
Figure 3-16. Flow in a cavity.

3-Q-6. A two-dimensional flow in a cavity (Figure 3-16) is described by the following
velocity field:

u=—Ax(L-2y), v=+Ay(L-y), w=0.
in which the parameters 4 and L are positive constants. The domain of the cavity is
x<0, 0Zy<L.

(a) Show that this flow field is divergence free and can thus correspond to a flow of
an incompressible fluid.

(b) Derive the expression for the vorticity.

(c) Calculate the circulation around the square defined by (- L<x<0, 0<y<L)
(red contour in Figure3-16).

(d) Show that this circulation is equal to the integral of the vorticity within the square.
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