Dynamics

Chapter 4
When the fluid if flowing
Part 2: Motion and forces

4-1. Motion is caused by forces

In Chapter 2, we considered the pressure and gravitational forces when they
balance each other and thus create no motion. In Chapter 3, we considered motion but
were silent about its cause. Motion needs an impetus, and Newton’s Second Law tells us
how an impetus, namely an unbalanced set of forces, generates an acceleration and thus
motion. The law states that mass times acceleration is equal to the sum of forces.
Acceleration is the rate of change of velocity over time for a given parcel of fluid.

Absent electric and magnetic forces, there can be three types of forces in a fluid, namely
those due to pressure, gravity and friction. Thus, with Newton, we write:

du
m—-=F, +F +F,, (4-1)

for motion in the x-direction, with similar but not written expressions in the other
directions of space. In (4-1), m is the mass of the fluid parcel that we trace, u is its
velocity in the x -direction, and the forces on the right-hand side are, respectively, those
due to pressure, gravity and friction as their subscript indicates. Let us now expand each
term and adapt it to a fluid situation.

First, in a fluid, the mass is best expressed as the product of density and volume,
m = pV . Second, the acceleration is to be evaluated while following the fluid parcel. The
time derivative must therefore be the material derivative that was defined in (3-15). This
leads us to rewrite the left-hand side of (4-1) as:

(4-2)

On the right of (4-1), the easiest force to express is the gravitational force because
it is simply mg in the downward direction. It is nil if x is one of the horizontal directions
(Eg =0 for the moment and F,=-mg later when expressing Newton’s law in the
vertical direction). The pressure force is trickier because pressure, if it is the same front
and rear of the parcel, exerts no net force; the forward-push in the rear is negated by the
backward-push in the front. Only a difference in pressure between front and rear can
generate a net force and thus contribute to an acceleration. If the parcel under
consideration (Figure 4-1) has an elemental length dx in the x-direction and cross-
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sectional area A4, then the net pressure force felt by the parcel is —4 p(x+ dx) pushing
backwards in the front and +4 p(x) pushing forward in the rear for a net force of

| [p(x+dx)—p(x)]. (4-3)

Figure 4-1. Pressure forces in front and rear of a fluid parcel.

Finally, the frictional force is the most complicated of all to express correctly, and
we defer this task to specific applications, preferring to express the frictional force only
when needed in particular situations, like bed friction at the bottom of a river or the drag
force on a moving object. Thus, we leave the frictional force as F', for the time being.

We are now in a position to express Newton’s Second Law in a way applicable to
a fluid:

pV(Z—Z:+ug—Z+V%+wZ—ZJ=—A[p(x+dx)—p(x)]+(0 or—pVg)+F,.

Subsequent division by the mass, expressed as m = pV = pAdx, yields:

ou +u8_u+v8_u+wﬁ_u=_l p(x+dx)—p(x)+ﬁ,

o ox oz p dx A

in which the last term Ff now with a tilde represents the frictional force per unit mass.

For a small parcel of fluid, we take dx — 0 causing the pressure difference to become the
pressure derivative. While we are at it, we similarly write Newton’s Second Law in the
remaining two directions of space, caring to replace u by v or w and x by y or z at

the appropriate places, placing the gravitational term in the correct equation, and
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distinguishing three different components to the frictional force per mass. We obtain the
following triplet of momentum equations:

8_u+u8_u+v8_u+w%=_l8_p+ﬁﬁ (4-4a)
ot ox oy oz pox

v v v 13 -

tu—+v—+w_— =-———+F, (4-4b)
o0 ox oy Oz poy 7
6—W+ua—w+va—w+wa—wz—la—p—g+ﬁ}é, (4-4c)
ot ox Oy 0z p Oz

with the z -direction pointing upwards. These are called the momentum equations.

The previous set of three equations is incomplete because it implicates five
variables, namely three velocity components, pressure, and density, two more than there
are equations. Conservation of mass (3-16) adds a fourth equation. The last and fifth
equation arises from the nature of the fluid itself. It is called the equation of state. This
may be a dependency of density on pressure (pure compressibility) or may involve
temperature, such as the ideal gas law (1-2). In the latter case, a sixth equation for
temperature is required to close the system of equations. This is an energy equation,
something that we postpone until Chapter 13 and will make use again only once more in
the final chapter. In many common applications, density may be considered as a given
constant, even for a gas as long as the pressure variations are moderate, and the set of
four equations (3-17)-(4-4a,b,c) with variables u, v, w and p suffice.

If all three components of the frictional force may be neglected, which is far from
a rare occurrence, the complete set of equations is called the Euler equations in honor of
Leonhard Euler (1707-1783) a Swiss mathematician and physicist who first wrote them.
French physicist and engineer Claude-Louis Navier (1785-1836) extended Euler’s
equations by expressing friction as a viscous force but did so only for incompressible
fluids. Finally, Anglo-Irish physicist George Gabriel Stokes (1819-1903) extended Navier’s
equations to include compressibility. The resulting set of equations, called the Navier-
Stokes Equations, needs no further amendments except in very specific circumstances
such as when the fluid behaves other than a viscous fluid (see Section 1-6 and Chapter
16), or when electromagnetic or relativistic effects need to be incorporated.

The momentum equations stated in (4-4a,b,c) may be interpreted as follows. The left-
hand sides together with the gravitational term of the last equation are the ballistic terms;
they tell what the fluid particles would do if there were not interacting with one another.
The remaining terms on the right are pressure and friction forces (per unit mass), which
express how fluid particles interact with one another. The pressure force may be
interpreted as arising from collisions, like billiard balls exchanging momentum from one
to another when they collide, and the friction force is caused by fluid particles sliding and
rubbing against one another. More on the latter in Section 4-7.
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4-2. Bernoulli, the fluid’s energy

Well before Euler, Navier and Stokes established complete sets of equations, the
subject of fluid mechanics was already being investigated, but its contributions were
piecemeal. Archimedes of Syracuse (c.287 — c.212 BC) established the law of buoyancy
(already encountered in Section 2-5). Other important contributors were Leonardo da
Vinci (1452-1519), who is credited with the first statement of conservation of volume in
river flow and detailed sketches of turbulent flow, Evangelista Torricelli (1609-1647), who
proved the existence of atmospheric pressure, invented the barometer (see Section 2-2)
and established the law governing the draining of containers through small holes, and
Daniel Bernoulli (1700-1782), whose main contribution we now recall.

Bernoulli had noted that when a fluid is flowing in a pipe, its pressure varies
oppositely to the magnitude of its speed: The faster it flows, the lower the pressure, and
vice versa, the slower it flows, the higher the pressure. He further noted that pressure
also varies with elevation, decreasing with height in a way reminiscent of the hydrostatic
balance, and he sought to put it altogether into a single equation combining all three
elements, speed, pressure and elevation. We shall not reproduce Bernoulli’s circuitous
derivation but proceed in a simple manner, based on intuition.

When pressure p and elevation z are considered in the absence of flow, we
established Equation (2-7) in Section 2-4 that states that the sum

pV +mgz (4-5a)

is a constant. Now, if for a moment we ignore pressure (which is tantamount to isolating
a fluid parcel so that it can no longer collide with other fluid parcels), the parcel acts as a
free solid body. If it is displaced downward, the drop in potential energy is compensated
by a rise in kinetic energy, and, conversely, if it is elevated, the kinetic decreases by an
amount equal to the potential energy increase. Thus, the sum of these two forms of
energy

mgz+%mU2 (4-5b)

is conserved. Here, U is the magnitude of the velocity vector, for the velocity of the falling
or rising parcel may not be strictly vertical (think of a roller-coaster with inclined slopes).
Combining (4-5a) with (4.5b) to cover the case when all three elements, pressure,
elevation and speed, may be changing simultaneously, we obtain:
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pV+mgz+%mU2

Division by the volume V' of the parcel yields:

1
p+pgz +E pU” =constant |, (4-6)

This is what Daniel Bernoulli concluded, and the statement is called the Bernoulli Principle.
After division by density p, the three-term expression on the left is called the Bernoulli
function?:

B=£+gz+lU2. (4-7)
Yo, 2

We now proceed with a more rigorous derivation not only to verify our intuition
but also to determine under which precise conditions the Bernoulli Principle is applicable.
We anticipate, among other possibilities, that in the presence of friction, mechanical
energy may be lost to heat and therefore not conserved. The required conditions are:

1. Steady flow (no partial time derivatives, 0/0t =0),
2. Incompressibility (constant density p),

3. No frictional loss (Fﬁr = Ffv = Ffz =0),
4. No work done by, or given to, the flow by means of a turbine or pump.

Under these four conditions, the governing equations (4-4a,b,c) without partial time
derivatives and without frictional force reduce to:

du__1p w52)
dt L Ox
d__1op 4.5
dt p Oy
w__ 1% _, (4-8
dt p 0z

in which the material derivative d / dt includes only the spatial derivatives:

i:u—+vi+w£. (4-9)
dt  ox 0y 0z

Multiplication of the three equations respectively by u#, v and w, followed by their
addition yields:

! Properly speaking, this expression should be called the enthalpy per mass.
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d(u +v+w 1 dp
_— - . 4'10
dt( 2 J gw (4-10)

Now using definition (4-9) of the reduced material derivative, it turns out that

Oz oz 0z dz
W=U—+v—=+w—=—,
ox Oy Oz dt

(4-11)
with the first two partial derivatives being null since x, y and z are independent
variables. Inserting expression (4-11) for w into equation (4-10) and noting that p is a
constant under the assumption of incompressibility, we can gather all terms inside a
single time derivative and obtain:

2 2 2
i(u+£+ gZJ o, (4-12)
dt 2 o,

From this follows that the quantity

2 2 2
Yo 2

which we have already defined as the Bernoulli function in (4-7), is invariable following a
parcel of fluid. The last bit of consideration is this: In steady flow, trajectories are
streamlines, and therefore following a parcel of fluid implies following a streamline. From
this follows the statement of the Bernoulli Principle:

Bernoulli Principle: If the four conditions enumerated above hold,
then the Bernoulli function remains constant along a streamline.

Note that this leaves the possibility that the Bernoulli function has different values on
different streamlines.

4-3. Stagnation pressure
Consider the case of a steady flow that hits an object like wind hitting a building
as depicted in Figure 4-2 and assume that that gravity may be neglected in this case (a

valid assumption in the case of air). At point marked S, the flow comes to a stop where its
velocity vanishes. This is called a stagnation point. If we track the streamline ending at S
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backwards to an upstream point A and apply the Bernoulli Principle along this stretch, we
obtain:

1 1
Payyr=bsy-y2, (4-13)
p 2 p 2

Figure 4-2. Wind flow around a building causing a point of stagnation (S). Point A is
the upstream position of the streamline that ends at the stagnation point.

Since Uy is zero at stagnation, we find that the pressure at the stagnation point is higher
than that upstream:

1
Ds =Dy +5PUA2 >py- (4-14)

In other words the lost kinetic energy has been transformed into a higher pressure. From
the perspective of Newton’s Law, the flow faces an adverse pressure gradient that brakes
the flow to a standstill.

We can push this a little further. If the upstream location A is chosen sufficiently
far away, it lies in the zone of uniform flow U before it is affected by the object. The
pressure there should be known, such as being the atmospheric pressure, and a
measurement of the gage pressure p,—p, at the point of stagnation yields an

expression from which we can infer the flow speed (wind in case of a building, traveling
speed in case of a road vehicle or airplane):

1 2 —
—pUzsz_pA N U: (pS pA).

: . (4-15)
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This is actually how airplanes estimate their traveling speed. A Pitot tube (Figure 4-3a) is
a simple device with a hollow protruding shaft that ends with a small opening. The shaft
has an additional hole on the side. The hole at the front tip measures the stagnation
pressure because the tube (light blue color in Figure 4-3a) is a dead end. The peripheral
hole does not obstruct the flow and measure the ambient pressure. Both holes are
connected via narrow channels to a chamber with a partition that detects the pressure
difference between both sides. The flying speed is deduced from (4-15) with an
estimation of the local air density as a function of ambient temperature and pressure.
Figure 4-3b shows an application to a small aircraft with the Pitot tube installed under the
left wing.

—
— -

speed U

stagnation D p ambient
pressure S A | pressure

| 7—
pressure
transducer

(a) = (b)
Figure 4-3. Pitot tube: (a) How it operates, (b) How it is installed under the wing of an aircraft.
Note the two holes on the Pitot tube, one at the head and the other one on the periphery. (Photo
credit: SimScale)

4-4, My cistern is leaking

The Bernoulli Principle can be applied to determine the leakage velocity from a
container through a small hole. Consider Figure 4-4 that depicts a cistern, but it could be
any other open container, filled with a liquid and with a small hole located at a depth 4
below the surface. Above the liquid, the pressure denoted p, is the atmospheric pressure

because the container is open to the air. The same pressure exits in the vicinity of the jet
squirting from the hole. The question is: What is the leakage velocity U as a function of
the height /# of the liquid above the hole?

To answer the question we draw a streamline from the leaking jet at Point 3
upstream somewhere in the tank at Point 2 where the velocity is a lot less than that
squirting out of the hole. It does not quite matter where exactly this point lies but it is
convenient to locate it at the same level as the hole. Finally we choose Point 1 at the
surface vertically above Point 2. Between 1 and 2, there is virtually no flow (as long as the
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leak is minimal). Thus, the pressure at 2 is the pressure at 1, which is atmospheric
pressure, plus the hydrostatic pressure over the depth /4 :

P,=p,+tpgh,

in which p is the density of the liquid. Then, we apply the Bernoulli Principle along the
streamline from 2 to 3, using the value of p, just calculated:

By Ly =Py gr :M+gzz.
o

The gz terms cancel out because Points 2 and 3 lie at the same elevation. With p, = p,

the pressure terms cancel each other out?, and we obtain:

%Uzzgh — U=.2gh. (4-16)
1 P4
h
£
P4
2 3 U

Figure 4-4. A leaky cistern.

This formula was discovered by Evangelista Torricelli a few years before Daniel
Bernoulli formulated his more general principle. As a consequence, Equation (4-16) is
called Torricelli’s Law. We note that the leakage velocity does not depend on how heavy
the liquid is, for density does not appear in the end result.

4-5. Flow-force balance in a finite system

In many engineering applications, we would prefer not to solve for the details of
the flow by means of partial differential equations but would rather seek an overall

2 Note that for this to happen, the container must be open to the atmosphere. If this is not the case, the
analysis remains similar but with an extra term.
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relation between force and flow. The Bernoulli Principle is a first means to obtain some
information that involves flow (speed U ) and a force (through pressure p), but it may

only be used along a streamline, and oftentimes we need information across flow lines.

Consider for example the flow hitting a vane as depicted in Figure 4-5 and assume
for the moment that the flow is steady. As can be intuited, upon hitting the vane which
forces it to turn, the fluid encounters resistance; it thus produces a force onto the vane
(in the form of a complicated pressure distribution along the convex surface of the vane
in contact with the moving fluid plus possibly a frictional force and a gravitational force).

A reaction force F must be applied against the vane to hold in place, otherwise the vane
would move away (as it does inside a turbomachine). Physically, this force must be
oriented more or less as pictured in Figure 4-5, with a negative x-component to
decelerate the velocity in the x-direction and a negative y-component to reverse the
velocity from positive to negative in the y -direction. The goal is to establish a relation
between this reaction force and the turning of the flow.

At time ¢ At time 7 + At

\\\0 \'\

(a) (b)
Figure 4-5. Turning flow along a vane exerts a force on the vane, which needs to be opposed
by a reaction force to keep the vane in place.

Newton’s Second Law applied to the swath of fluid of mass m that is along the
vane at time ¢, as indicated on the left panel of Figure 4-5 provides in vector form:

m—=F, (4-17)
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After a short time interval from ¢ to ¢+ At, the fluid has moved forward a little, and the
mass m is now partly past the vane while a new portion of fluid has moved along the
vane on the other side, as indicated on the right panel of Figure 4-5. In steady state, the
fluid that has remained along the vane has simply replaced fluid that was ahead of it,
changing nothing to the momentum of the fluid there. Thus, the net change of
momentum undergone by the mass of fluid being tracked amounts only to the addition
of outgoing fluid moving at speed i, past the vane minus the ingoing fluid that has

entered on the other side at velocity u, , which needs to be discounted because it does

not belong to the piece of mass m . Therefore, the change of momentum that is the left
of Equation (4-17) is for the short small time interval At:

di  Am,, u,, —Am, U,
m_ — out out mn mn , (4_18)
dt At
in which Am,, and Am,, are the little amounts of mass that have exited and entered the

vane region over the time interval. Their values are:

A’/nout = p Aout (UoutAl)

Amin = pAin (UmAt) 4

in which the A’s and U'’s are respectively the cross-sectional areas and velocity
magnitudes at the exit and entrance, as depicted in Figure 4-5b. By virtue of conservation
of mass, the two mass amounts must be equal to each other. If we denote the rate of
entering and exiting mass as

A ,
I’}"l — mout — mn , (4_ 19)
At At

and substitute (4-18) in Newton’s Law (4-17), we obtain rather simply:

i (i, —ii,) = F (4-20)

out

This is the relation that we sought, which relates the reaction force on the vane to the
change of velocity forced onto the fluid by the curvature of the vane. Note that a force is
necessary to create any type of change in the velocity be it braking, acceleration or just
turning. We also recall that the force F onto the vane is the reaction to the sum of all
forces generated by the fluid against the vane via pressure distribution, friction and/or
possibly also gravity, a complicated distribution of minute forces of which we do not need
to know the details.

Note that there is no overall pressure force involved here. It was tacitly assumed
that the fluid is entering and exiting at the same pressure as on the other side of the vane.

59



Dynamics

Should the force applied to the object in contact with the fluid not be unique but
be a combination of various supporting forces applied at different points, and should the
fluid enter and leave through multiple inlets and outlets, Equation (4-20) can be
generalized to:

Y i, =X F, (4-21)

in which the sums on the left cover all outlets and inlets, with their respective mass flows
and vector velocities, and the sum on the right extends over all points where reaction
forces are applied to the solid object in contact with the fluid. This solid object may be
open as the vane considered in Figure 4-5 or be a closed container into which and out of
which fluid is flowing. An automotive muffler is a good example, with one entering jet and

one exiting jet, and with £ F is the sum of the forces at the several attachment points.

In the case of time dependency, the momentum of the fluid inside the system (for
example the swath of fluid in contact with the vane) may not remain constant. In this
case, the momentum budget should not just consist of the entering and exiting
contributions but should also include the change of momentum within. Equation (4-21)
then generalizes to:

d, .. - - —
—(mu)  +Zm,, i, —Zm, i, =SF . (4-22)
dt inside

A way to understand and remember this relationship is to interpret it as a momentum
budget: The rate of change of momentum (m&)imde within the system is equal to the

entering momentum Xm, u, minus the exiting momentum Xm_, u

in in

plus the sum of

out

forces T F acting externally.

4-6. Vorticity

Toward the end of the previous chapter, we introduced the concepts of vorticity
and circulation as means of quantifying the amount of spinning in a flow. Now armed with
a way of knowing how forces act on a flow, we ask: How do forces contribute to spin in
fluid motion? The brief answer for an incompressible fluid is: Gravity and pressure are
unable to affect the vorticity, and only friction can create new vorticity.
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That gravity is unable to create or modify any turning motion in a fluid is intuitive:
The gravitational force being rectilinear cannot exert any torque3. For pressure in the case
of an incompressible fluid, the intuitive argument is that the ratio p/ p is the same in all
directions and has therefore no ability to make the fluid turn one way or the other; it can
only be pulling or pushing, with no twist. In contrast, friction can easily, and does often,
cause the flow to develop eddy motion. A simple example is friction along a wall that
reduces the flow velocity in the proximity of the wall, creating shear, as depicted in Figure
3-9. Another and more dramatic example is that illustrated in Figure 4-6. River flow past
a bridge pier creates a wake of vortices with their vorticity arising from the shear created
on the flow as it “scrubs” against the pier. It is very important to understand and control
this situation because the wake vortices can scour the bottom and dig a potentially deep
hole that can destabilize the pier and lead to the collapse of the bridge. One remedy is to
streamline bridge piers to minimize the vortex wake (Prendergast & Gavin, 2014). But the
task at hand is not to discuss bridge protection; it is to quantify the effect of forces on the
generation of vorticity and, from there, circulation.

Let us first consider the effect of forces on vorticity and deal with circulation next.
For this, we begin by taking the two equations (4-4b and c) for v and w, and operate on
them the cross-differentiation that produces an equation for the x-component of
vorticity @_, which was defined in (3-24). The outcome is a rather lengthy equation:

3 Mathematically, the gravitational force is said to arise from a potential function, but this more rigorous
way of stating the fact is far less intuitive.
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do, (Ou 0Ov ow ou ou ou
— | —t—t— |0, |0, —+to,—+0, —
dt ox oy oz ox 0y 0z

(o _apdp),(OF. o)
oy 0z

We note that the gravitational term in (4-4c) has been eliminated because g is constant,
confirming our intuition that gravity is unable to affect vorticity. Next, we simplify this
equation by restricting our attention to incompressible fluids. This eliminates the second
term on the left by virtue of volume conservation (3-17) and the first term on the right
because density is constant. The latter confirms that the pressure term plays no role in
the variation of vorticity (at least not when the fluid is incompressible). The remaining
equation is:

OF, OoF
A0, | My M || Lo S| (4-22a)
dt Tox oy 0z ox Oy

Duplicating this process for the remaining two components of vorticity, we obtain:

d oF. OF,
@, = WX@*‘O)V@JMOZ@ + A T E (4-22b)
dt ox 0y 0z oz  Ox
oF, OF,
d(t)z = a)xa_w+a) a_w+a)za_w + kA . (4-22C)
dt ox oy 0z ox Oy

We see from these that vorticity is amenable to being changed only by a torque of the
frictional force (the last terms) or by the vorticity itself (first groups on the right). At first,
these latter terms may seem mysterious, but one particular case illuminates what they
do.

Consider frictionless flow (just to leave the frictional torque out of consideration)
and with a single vorticity component, say .. This is a good proxy for a local analysis with

the z -axis locally alighed with the vorticity vector. The preceding equations reduce to:

do, ou do, ov do, ow
£ = =0, —.
© 0z

—_— a) _’ —_—
dt * Oz dt ‘o0z dt

_ (4-23)

b

The first two equations are identical except for a flip in coordinates; so, it suffices to study
the first one. The situation for @, >0, 0u/0z >0 is depicted in Figure 4-7: A horizontal

vortex rotates counterclockwise in the (x,y) plane (ellipse with solid perimeter) with
upward vorticity @_, but the presence of a variation of u in the vertical means that, a bit
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later, the vortex will become inclined (dotted ellipse). This pivoting around the x -axis is

called vortex tipping.

du
—=>0

a_

®.>0

W,/

X

X

Figure 4-7. Vortex tipping.

The third equation is different and interpreted as follows: When there is stretching
in the direction of the vorticity (ow/ 0z > 0), there is convergence in the lateral direction
(Ou/ox+0v/oy <0 by virtue of volume conservation (3-17)), and the vorticity increases
(Figure 4-8). This is related to conservation of angular momentum: When a spinning
object has some of its mass brought inward toward the axis of rotation (convergence), its
rotation rate (vorticity) increases, like a ballerina bringing her arms from an extended
position toward her body in order to spin faster. This process is called vortex stretching.

.

vertical larger

divergence /

aw Py \% faster
—>0 L B
& spin

Figure 4-8. Vortex stretching.

4-7. Friction by viscosity

We end this chapter with a note on friction. Most fluids, including air and water,
are viscous to a certain degree, and some more than others. We all know that oil is more
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viscous than water, and our familiar experience at home with oil, honey and maple syrup
has shown us that viscosity retards motion: We just can’t pour honey as fast from a jar as
we can pour milk from a glass or water from the tap. Thus, viscosity exerts a frictional
force that prevents the fluid from otherwise responding with more speed to the force
that creates the motion, such as gravity or pressure. Note, however, that if viscosity
always causes friction, the converse is not true: There are forms of friction that are not
caused by viscosity. This is the case of the “almost fluids” mentioned in Section 1.6, in
particular granular materials, which are the subject of Chapter 16. Toothpaste and wet
sand are two prime examples of “fluids” in which friction takes another form than
viscosity. Turbulent eddying is another feature of fluids, usually at large scales or with
larger velocities, that retards motion in a way reminiscent of, but distinct from, viscosity.

In a viscous fluid, the frictional force originates from the sliding of fluid particles
on their neighbors. It is thus intimately related to deformation inside the fluid*, and a fluid
in solid-body motion (i.e. without internal deformation) is not subject to any internal
friction force any more than a solid is. The simplest configuration with internal
deformation is that of a unidirectional sheared flow as depicted in Figure 4-9. Different
fluid parcels travel at different speeds and slide on their neighbors. The frictional stress
7, which is the sliding force F' per unit area A, is proportional to the rate of sliding.

Moving surface:

\}’ /‘U=U

-

F—F—z=7———= Force F
g < lery
| P’ »

/ u(y)::j %
v
i

T7A Fixed surface: u= ()

Figure 4-9. Viscous stress in a simple shear flow. The stress is proportional
to the velocity gradient (shear), and the coefficient of proportionality is
called the viscosity. (Source: Adapted from an illustration in a section
titled “About Fluids” at www.pumpfundamentals.com)
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Hence, we write:

4 The technical word for internal deformation is strain.
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U du
T=p—=pu—, 4-24
s ,Udy (4-24)

in which du/dy is the velocity shear, used to quantify the amount of sliding, and the
coefficient of proportionality x is called the dynamic viscosity. Since Isaac Newton (1643-

1727) first wrote this relation, viscous fluids that obey the rule of proportionality between
shear stress and velocity shear are called Newtonian fluids. Most common fluids are well
described as Newtonian fluids, and their viscosities can be tabulated. The only thing to
pay attention to is that viscosity depends on temperature, usually increasing with
temperature in gases and decreasing with temperature in liquids. Also, because in many
calculations, viscosity happens to be divided by the density p of the fluid, one defines for

convenience the ratio as the kinematic viscosity:

v==£ (4-25)
Yo,

Table 4-1 below presents a few viscosity values for common Newtonian fluids.

Table 4-1. Values of viscosity for common fluids.

. Temperature | Dynamic viscosity 1 | Kinematic viscosity v
Fluid . . . _
(in°C) (in kg/m.s) (in 1078 m?/s)

Air, dry 15 0.00001789 14.61

30 0.0000186 15.98

15 0.0011373 1.1384

20 0.0010005 1.0023
Water, fresh 25 0.0008891 0.8917

50 0.0005474 0.5541
Alcohol, propyl 25 0.0019 2.8
Blood 37 0.00278 2.65
Diesel fuel 2D 40 0.0021 19-4.1
Ethanol 20 0.001184 1.5
Honey 38 10 73.6
Milk 25 0.003 1.13
Motor oil SAE 30 99 0.42-0.65 9.6-12.9
Propylene glycol 27 0.042 52
Vegetable oil 50 0.010-0.031 23-31

Equation (4-24) gives the stress on a (x,z) plane of the fluid when the velocity u

depends on y. This can be generalized to the case of three-dimensional velocities with
shear in any direction. The outcome is a stress tensor, which we write here only for
incompressible fluids (subject to volume conservation ou/ox+0v/0y+0ow/0z=0):
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ou ou 0Ov oOu ow
2—  —+—= —+—
ox dy Ox 0z Ox

o b e ov 0O 0 ov  ow
T, T, T.|=H o.2 2 2.2 (4-26)
ox Oy oy oz Oy
T. T, T.
o7 ow Ou Ow 0Ov ow

—_—t— —+— 2—
ox 0z 0Oy Oz 0z

Here, the component 7 denotes the stressin the y -direction on a surface perpendicular
to the x -direction. The stress component first identified in (4-24) is thus 7, when dv/0x

vanishes and ou / Oy is nonzero (first term on second row). A tensor is a vector of vectors,
with one vector for each surface direction. For example, on the surface perpendicular to
the z -direction, the vector stress is the 3™ row of the tensor, namely (7,7 7.), as

zx2 Yz

depicted in Figure 4-10. On every surface, there are two tangential stress components

and one normal component. Note that the stress tensor is symmetric, i.e.,, 7, =7, etc.

by

Figure 4-10. The three stress components on a surface perpendicular to the z -direction.

In most common situations, friction is the result of a tangential stress, as depicted
in Figure 4-9 above, and the normal stress is typically minus pressure®. But there are some
cases in which the normal viscous stress overtakes pressure. A familiar situation is that of
honey or syrup being poured from a jar or a spoon (Figure 4-11). Clearly, the syrup is
falling much more slowly than if it were in free fall, and an upward force must oppose
gravity to slow the fall of the liquid. This force is the normal stress 7_ =2uow/ oz (if z is
chosen in the upward direction). When you encounter this situation, look closely and note
how the honey or syrup is being stretched out and thinning as it progresses downward;
this is due to the rate of deformation 0w/ 0z that causes the normal stress to exist.

5 “minus” because pressure is positive in compression (pushing) whereas the normal stress is defined as
positive in tension (pulling).
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@
Figure 4-11. Maple syrup being poured. The downward velocity of the
syrup is much lower than free-fall speed because the normal stress holds
up the column of syrup partially against gravity, as depicted in the insert.

Now that we know what the frictional stresses are, we can calculate the frictional
force components (F Fﬁv,Ffz) that are needed in equations (4-4a)-(4-4b)-(4-4c) that

Sre2

govern viscous fluid motion. Let us start with the component F; in the x-momentum

equation (4-4a). The force in this direction consists of all contributions in the x -direction
and thus the normal stress 7 acting on a surface dydz perpendicular to the x-axis, as

shown in Figure 4-12. The net force is due to the difference in stresses between positions

x and x+dx, namely

force at x + dx —force at x = [rxx(x+ dx) —z'xx(x)] dydz = % dxdydz .
X

T dy dz <

Figure 4-12. Stresses on the six faces of a volume element with dimensions dx, dy, dz .

67



Dynamics

And, there are two other stresses directed in x -direction: the tangential stress 7, on the
dxdz surfaces and 7__ acting on surface dxdy, as indicated in Figure 4-12:
ot

2 dxdyd.
oy vz

force at y+dy —force at y = |:Tyx (y+dy)-7, (y)] dxdz =

force at z+dz —force at z =[7_ (z+dz)—7_.(z)] dxdy = % dxdydz .
z

Adding the pieces to account for all three sides and replacing the stress tensor
components by their expressions given in (4-26), we obtain sequentially:

0
F. = 07, AL 07, dxdydz
ox oy Oz

+ + + + dxdyd 4-27
o oy oxdy | oz axazJ v (4-27)

*u 0*'u 0w
= + + dxdydz,
”(ax2 o GZZJ e

(Zézu u ov ou *w

in which the simplification in the final step results from the incompressibility assumption
(Ou/ox+0ov/oy+ow/0z=0). Lastly, insertion in the equations of motion requires a
division by the mass m = pdxdydz of the fluid element for which Newton’s Second Law

is applied. We get:

ou Ou Ou ou 1 op o'u 0'u Ou
—tU—+V_—HtW_—=———+V| S+t + (4-28a)
o ox 0oy oz p Ox ox~ oy° Oz

2 2 2
@+u@+ @+w@:—la—p+v 8_\22 8_\2/ 8_\2/ (4-28b)
ot ox oy 0z pOoy ox~ 0y Oz

2 2 2

@+u@+va—w+w@:—la—p—g+v a»zv+av2v+av2v , (4-28c)
ot ox Oy oz p Oz ox~ oy- 0Oz

in which v = g/p is the kinematic viscosity defined in (4-25). These equations are the
Navier equations® that apply to incompressible fluids. For the more general equations
with compressibility, the reader is referred to Kundu, Cohen and Dowling (2012, pages

114-115).

Thought problems

6 Properly speaking, not the Navier-Stokes equations because compressibility is ignored as only Navier did.
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4-T-1. Demo of Bernoulli levitator. Then explain.

4-T-2. In the leaky tank situation, we might be inclined to think that a heavier fluid would
leak faster than a lighter fluid, but it is not so since Torricelli’s Law (4-16) states that
the exit velocity does not depend on the fluid density. Explain with a physical argument
why the density of the liquid does not matter.

4-T-3. Consider the pouring of maple syrup depicted in Figure 4-11. Is the syrup
accelerating as it falls? In other words is the vertical velocity larger further down or
not? Relate this to the sign of ow/ 0z and show that the normal stress pulls the syrup
upward, acting against gravity.

Quantitative exercises
4-Q-1. Question

4-Q-2. How long does it take for a leaky tank to empty given a cross-sectional area, initial
depth, and size of hole at the bottom. (numbers still to be selected)

4-Q-3. Figure 4-13 below is a schematic drawing of the so-called Mariotte bottle, which is
designed to dispense a liquid at a constant rate. The tank is airtight except for the
tubular vent through the top. The liquid exits through the orifice near the bottom.
Frictional losses are negligible, and the cross-sectional area of the tank is much larger
than that of the tube and orifice. Derive an expression that gives the volumetric flow
rate O of the outflowing liquid in terms of the relevant variables (see annotations on
the figure) and show that the flow is indeed constant over time as long as the surface
of the liquid lies above the bottom of the tube (4, > &

vent ) *
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h Air

vent

A = area of orifice

\
Q = volumetric flow rate

Figure 4-13. The Mariotte bottle and attending notation.

4-Q-4. A truck equipped with a frontal snow plow cleans the snow from a road at a speed
of 50 km/hour. The snow thickness is 30 cm, and its density is 150 kg/m3. The plow,
takes a swath 2.5 m wide and is angled in such a way that the snow is ejected at an
angle of 30° to the right in the horizontal and at an angle of 60° from the horizontal, as
shown in Figure 4-14. Determine the force that the plow exerts onto the truck and the
power consumed. [Hint: The power is equal to force times speed.]

i .
direction
of wavel
-
-
' | ‘
%

Figure 4-14. Dimensions and angles of a snow plow.
4-Q-5. A boat tows a water skier at a speed of 40 km/h. The skier weighs 70 kg, and each

skiis 18 cm wide. If the skis affect only the top 3 cm of the water, at which angle above
the horizontal should the skier maintain the skis to stay afloat?
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4-Q-6. Take the vertical momentum equation (4-25c) for a viscous fluid and apply it to the
pouring of honey from a jar in a way similar to the photo in Figure 4-12. Make the
following simplifications: pressure is atmospheric throughout, the only significant
spatial coordinate and velocity component are in the vertical, and the flow is steady
(unchanging over time). What does the equation reduce to? Then, show that, because
the flow is so slow, the acceleration term w(ow/0z) may be neglected compared to
the gravitational acceleration g, leaving only a balance between two terms. Solve and

discuss.
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