Turbulence

Chapter 6
The complicated state of turbulence

6-1. What is turbulence?

Rarely is a fluid flow around us smooth and well behaved, for most often it will
exhibit irregularities and swirling. Prime manifestations are clouds in the sky, plumes from
smokestacks, and, at home, boiling water and coffee in our cup when we stir it. We even
design washing machines and dishwashers with complicated, chaotic flows in order to
promote maximal stirring. Less visibly, we also promote turbulence to mix fuel and oxygen
for efficient combustion in boilers and engines, and we count on turbulence to mix away
and dilute our contaminants in rivers.

Leonardo da Vinci, the Renaissance artist who sought to get physically correct
details in his sculptures and paintings, was fascinated by fluid turbulence for a few years
in the early 16™ Century and drew several sketches in his notes (Figure 6-1). Clearly, he
noted several aspects of the irregular flow that we now called turbulence®. First, there is
a source of energy into the system, which may be a flow plunging into a body of water or
a flow encountering an obstacle; then, and most importantly, he noted that many
motions take the aspects of swirls, and that these swirls exhibit a range of scales, from
those that are as wide as the incoming flow or obstacle down to the smallest detectable
scales at the naked eye.
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Flgure 6-1. Pair of sketches by Leonardo da Vinci deplctmg turbulent flows, circa 1502.

This brings us to define turbulence as the state of a fluid flow that is irregular and
chaotic, with a population of swirls, and capable of efficient mixing. While this statement
may define the word, it does not imply that our present knowledge of fluid turbulence is
comprehensive. As of this writing, we still do not possess a complete theory of turbulence

! The word turbulence is believed to have originated with the students of Joseph Boussinesq (French
physicist, 1842-1929), after their professor described some “écoulements tourbillonnaires.” They
reduced the wordy expression to “turbulence.” Both words “turbulence” and “tourbillonnaire” have their
root in the late Latin adjective turbulentus, meaning full of commotion.
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from basic physical principles, and most methods to address turbulence and its effects
are more empirical than theoretical, meaning that they stem chiefly from observations
and heuristics. The famous physics professor and Nobel laureate Richard Feynman
remarked? that

“Turbulence remains the last great unsolved problem of classical Physics.”

It would not be far from an exaggeration to say that the intellectual distance between da
Vinci’s observations in the 16" Century and our present knowledge of turbulence is rather
frustratingly short.

6-2. A simple theory

Perhaps the simplest way to say something quantitative about fluid turbulence is
the cascade theory of Andrey Kolmogorov (1941) for stationary, homogeneous and
isotropic turbulence. This series of qualifiers simply mean that the attention is restricted
to cases of turbulence when its statistically averaged properties are independent of time
(stationary), uniform in space (homogeneous), and without preferential direction
(isotropic). Among other restrictions, isotropy demands the absence of a mean flow
because a mean flow would impart a preferential direction. About the only situation when
this can occur is so-called grid turbulence, when a fluid is agitated by an oscillating grid;
turbulence is then generated with no mean current. So, clearly, this theory has its
shortcomings, like all theories of turbulence.

0 \
u Figure 6-2. Turbulence interpreted as a

field of overlapping eddies of various
sizes and strengths.

At a very basic level and in the spirit of Leonardo da Vinci, Kolmogorov interpreted
the turbulent flow as a population of many eddies (swirls, vortices — those words are
interchangeable), of various sizes and strengths (Figure 6-2), embedded in one another
and forever changing, giving a random appearance to the flow. Two variables play a
central role: d , the representative diameter of an eddy, and u,, its representative orbital

velocity. Clearly, eddies do not have a sharp edge from which the diameter could be

2 Richard Feynman’s Lecture on Physics, 1964.
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inferred, and their orbital velocity does have a single value as in solid-body rotation. This
is why we employ the qualifier “representative,” to indicate a typical value within the
range of values for one particular eddy.

Since the turbulent flow consist of many different eddies, of varying sizes and
speeds, d and u, vary from one eddy to the next. In stationary, homogeneous and

isotropic turbulence, all eddies of a given size (same d ) may be assumed to behave more
or less in the same way and thus to share the same characteristic velocity u,. This may

not be true, but with Kolmogorov we make the assumption that u, is a single-valued
function of d, like shown in Figure 6-3.
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Figure 6-3. Presumption of a relation
between eddy diameter and orbital velocity
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Turbulent motions span a wide range of scales, but this range is nonetheless finite,
spanning from a largest scale (macroscale) at which the energy is supplied, to a smallest
scale (microscale) at which energy is dissipated by viscosity. These eddies interact with
one another in complicated ways, but according to Kolmogorov, there is one aspect that
stands out: Since energy is supplied at the largest scale and dissipated at the shortest
scale, it must be passed sequentially from scale to scale. This process is known as the
turbulent energy cascade. The largest scale d_, is usually the size of the domain, which

we can also denote L, sometimes called the integral scale®. For a domain of irregular
shape, L should be taken as the diameter of the largest circle that can fit in the domain.
The shortest scale d_.  is more difficult to quantify and will be defined precisely later.
Under the assumption of stationarity, the state of turbulence is statistically steady,
and the rate of energy supplied at the largest possible scale d_  must be equal to that

X

3 To be precise, the integral scale is the length scale at which turbulent eddies are the most vigorous. It is
usually the longest possible eddy scale allowed by the geometry of the domain, but not always. For
example, it is possible to stir milk in coffee by circular movements of the spoon at a diameter shorter
than the diameter of the cup.
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dissipated at the shortest scale d_, . Let us denote by ¢ this rate of energy supply and
dissipation, per unit mass of fluid:

& =energy supplied to the fluid at the largest scale, per unit mass and time,
= energy cascading from scale to scale, per unit mass and time (6-1)
= energy dissipated by viscosity at the shortest scale, per unit mass and time.

The dimensions of epsilon are (ML?T2)/(MT) = L°T3.

With Kolmogorov, we further assume that all characteristics of the turbulent
eddies of scale d depend on d itself, obviously, on the energy cascade rate ¢, and on
nothing else. This is to mean that eddies only know how big they are, at which rate energy
is supplied to them, and at which rate they must supply it to the next smaller eddies in
the cascade. Mathematically, this means that the orbital velocity #, may depend only on
d and ¢. Since the dimensions of u,, d and ¢ are, respectively, LT, L and L°T3, the

only dimensionally acceptable possibility is:
u, =C, (& d)”, (6-2)

in which C, is a dimensionless constant, expected to be on the order of unity. Thus, the
larger ¢, the larger u, . This makes sense because a greater energy supply to the system
should generate stronger eddies. Equation (6-2) further tells that the orbital velocity u,

increases with the eddy diameter d , meaning that larger vortices spin faster than smaller
eddies. This could not have been anticipated and is accepted as a result of the theory. The
implication is that the smallest eddies have the lowest speed, while the largest ones have
the highest speed and thus contain most of the kinetic energy.

If the orbital velocity of the largest eddies is denoted U , then application of (6-2)
tod=d_ =L yields:

3
U=C, (eL)® > e=C° UT (6-3)

which permits to infer the energy supply rate & from readily observable quantities.

The shortest eddy scale d_ is set by viscosity, because the shorter the eddy scale,

the stronger the velocity shear, and the more important the effect of viscosity.
Consequently, the shortest eddy scale can be defined as the length scale at which viscosity
becomes dominant. Kinematic viscosity, denoted by v, has dimensions L>T. If we
assume that d_, depends only on &, as all eddies do, and on v, because those eddies

are affected by viscosity, then the only dimensionally acceptable relation is:
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d . :V3/4 871/4. (6_4)

Therefore, d_ . depends on the energy level of the turbulence. The stronger the
turbulence (the higher &), the shorter the minimum length scale at which it is capable of
stirring. The quantity v>'* ¢™"* is called the Kolmogorov scale, and is typically on the order
of a fraction of a millimeter.

Knowing now both the largest and shortest diameters in the eddy field, we can
determine their ratio:

dmax I (UL 3/4~ UL 3/4
Tk (v Bl (v B (6-5)

The last expression points to a dimensionless ratio, called the Reynolds number, defined
as

re=YL, (6-6)
A%

which is a ratio of macroscopic quantities to a microscopic one. With this definition,
Equation (6-5) can be recast as

d
—max ~ R4 (6-7)

min

Thus, a turbulent field with a higher Reynolds number contains a broader range of eddies.

6-3. Design of a washing machine

A practical application of the preceding developments is to the design of a washing
machine. The key function of a well operating washing machine is the creation of
adequate contact between soap particles in the water and stains on the clothing, so that
the soap can remove the stains. Thus, the turbulence must be sufficiently energetic as to
generate contacts at the targeted small scale. The question then becomes: For a given
size of drum containing clothes and water, how much power should the motor of the
washing machine deliver to ensure a turbulent flow field with the required small scale?

To answer this question, we start with the numbers presented in Table 6-1.
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Table 6-1. Key parameter values in the design of a washing machine.

Quantity Definition Symbol Value
Diameter of drum containing
Largest eddy scale the clothes L 0.50 m
Water depth Height of the drum H 0.42m
Warm soapy water About sam(? as standard P 999 kg/m?
density water density
. . Same as pure water 7 9
Soapy water viscosity viscosity”, at 50°C 14 5.5x107 m?/s
Distance required for soap to
Shortest eddy scale be effective at removing d. . 12 um
stains
Electric motor Ratio of mechanical power to n 0.85

efficiency electrical demand

From these, we sequentially calculate the volume of water V = (7> /4)H =0.0825 m3,
the mass of water m = pV = 82.4 kg, the energy dissipation rate & =1’ /a?]fm1 =8.02 m?/s3
= 8.02 W/kg, and the mechanical power of the motor P=&m = (8.02 W/kg)(82.4 kg) =
661 W, demanding an electrical power of 661/7=778 W. Most domestic washing

machines consume between 400 and 1300 W of electricity®. Note that the analysis is
highly sensitive to the desired value for d_, value as it enters the calculation of ¢at the

4t power.

Chemical engineers perform similar design calculations to ensure sufficient

contact between reactants in stirred chemical reactors (Figure 6-4).

Figure 6-4. A typical chemical reactor
with a stirring propeller at the bottom.
Design of such reactors is partly
concerned about the amount of power
that needs to be delivered by the
propeller to achieve a certain level of
mixing. [Source: Mixer Module by
COMSOL]

4 Soap in water affects its surface tension, not its viscosity.
5 http://energyusecalculator.com/electricity_clotheswasher.htm

92




Turbulence

6-4. Energy spectrum

Turbulence theorists are fond of the energy spectrum, chiefly because it is
something they can readily construct from experimental data. It is a rather obscure way
of plotting orbital velocity as a function of eddy scale, but since it is such a tradition in the
context of turbulence, let us define it and see how it looks like.

The energy spectrum (sometimes also called power spectrum) is the distribution
of kinetic energy per mass across the various length scales of the turbulent field, with
length scales turned into wavenumber values. This brings us to define a wavenumber.
Because velocity reverses across the diameter of an eddy, the eddy diameter should
properly be considered as half of a wavelength, yielding the following value for the
wavenumber:

k=222 (6-8)

_ _ 1A -3/4
The extremal valuesare k, =x/L and k,, =x/d_ =& v "".

The turbulent kinetic energy TKE per mass of fluid has dimensions L2T2. The fraction
dTKE contained in the eddies with wavenumbers ranging from &k to k+dk is defined
as

dTKE = E, (k) dk,
and it follows that the dimensions of E, are L3T~2 Dimensional analysis demands:

E (k)=B&" k", (6-9)

in which B is a second dimensionless constant. It can be related to the earlier constant
C, of Equation (6-3) because the integration of E, (k) from k., =7/L to k,  ~o is

the total turbulent kinetic energy TKE in the system, which in good approximation is that
contained in the largest eddies, namely U? /2. Thus,

o U?
jk Edk=—, (6-10)

from which follows
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The value of B has been determined experimentally and found to be about 1.5 (Pope,
2000, page 231). From this, we estimate C, = 1.4.

The k7 power law of the energy spectrum (6-9) has been observed to hold well
in the inertial range, that is, for those intermediate eddy diameters that are remote from
both largest and shortest scales. Figure 6-5 shows the superposition of a large number of
longitudinal energy spectra® in a log-log graph. The straight line (hence power law) where
most data overlap in the range 10 <kd__ <10~ corresponds to the k" decay law
predicted by the Kolmogorov turbulent cascade theory. What is remarkable is that the
many spectra not only share the same k" behavior in a wide intermediate range of
scales but also share the same value in that range (not parallel but superimposed curves),
verifying that the constant B of (6-9) must be a universal constant. The higher the
Reynolds number of the flow, the broader the span of wavenumbers over which the £~
law holds. The few crosses at the top of the plot, which extend a set of crosses buried in
the accumulation of data below, correspond to data in a tidal channel (Grant et al., 1962),
for which the Reynolds number was the highest. There is, however, some controversy
overthe k" power law for the turbulent energy spectrum. Some investigators (Saffman,
1968; Long, 2003) have proposed alternative theories that predict a k> power law.

We note in Figure 6-5 that the spectrum departs from the £~ law at low wavenumbers,
which is at long wavelengths and therefore large eddy formations. The reason for this is
that at the length scale of the domain size, where the turbulent eddies are first generated,
the situation is almost never homogeneous or isotropic. Most often there is a main
current that imparts both structure and directionality. We consider such situations in the
next section.

6 The longitudinal energy spectrum is the spectrum of the kinetic energy associated with the velocity
component in the direction of the wavenumber.
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6-5. Friction along a wall

Arguably the most common situation that trips turbulence is flow along a frictional
surface, like wind blowing over a forest, a river flowing over its bed, or the airflow around
an airplane wing. Friction acts to reduce the velocity from some finite value (wind speed
aloft, river surface velocity, or airplane speed) some distance away to zero at the
boundary, thus creating a sheared flow. Mathematically, with the x -axis aligned with the
boundary (at least locally if the boundary curves), the primary component of the velocity
is u , which varies with distance z away from the boundary’. The function u(z) is called
the velocity profile, and its derivative du / dz, the velocity shear. Figure 6-6 sketches a few
examples of wind profiles in various atmospheric conditions.

Clearly, the turbulence that results from such a velocity shear is both anisotropic
and inhomogeneous. It is anisotropic because the boundary and flow impart a
preferential horizontal direction, and it is inhomogeneous because the flow velocity does
not have the same value at all locations. In such a case, the largest eddies do not obey the
Kolmogorov eddy cascade law, but it turns out that smaller eddies still do, as if these
smaller eddies were “not aware of” the particular form of flow that generated them in
the first place; they merely pass the energy received to the next smaller scale.

7 Usually the vertical, hence the choice of variable z instead of y.
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Figure 6-6. Various wind profiles when the wind is 10 m/s aloft and the
roughness of the ground differs. (Source: www.wind-power-program.com)

The matter of the orbital velocity as a function of eddy diameter is relatively
straightforward. The key is to realize first that the velocity shear causes rolling motion,
not unlike a bicycle wheel turning while the bicycle moves forward, and second that the
amount of shear in the velocity profile is intimately related to the tangential stress
exerted by the flow against the surface. If we denote by 7, the shear stress against the
wall, it turns out that its division by the fluid density has the dimensions of L2T~2, a velocity
squared. Thus, we can define a velocity, called the friction velocity and denoted u., by
taking the following square root:

R LI (6-11)

P

The existence of a specific velocity value defined from bulk variables sets the orbital speed
for the largest eddies, those that “aware of” the cause of the turbulence: u, =u,.

One question is: At which smaller scale do eddies begin to behave like those of the
Kolmogorov cascade? For this we further need to know the energy dissipation rate ¢ of
this eddy cascade that conveys energy to ultimate dissipation. Dimensional analysis leads
us to write:

£=—, (6-12)
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in which the factor x = 0.40 in the denominator is a new dimensionless constant called
the Von Kdrmdn constant®. Within the inertial eddy cascade of the smaller eddies, the

orbital velocity is given by (6-2), u, ~1.4(ed)"” ~1.9u.(d / 2)"*, which yields u, =u, for
d ~0.15z.Thus, eddies begin to be part of the inertial range (Kolmogorov cascade) when
their diameter is lower than 15% of their distance to the boundary.

I

;
/

Figure 6-7. Near-wall structure of a turbulent shear flow visualized by hydrogen bubbles and
viewed from the side. The pair of photographs shows the formation of a streamwise vortex in a
matter of a few seconds. (From Kline et al., 1967)

Figure 6-8. Top view of the same laboratory experiment as shown in Figure 6-7. The flow is
directed from left to right in the photograph, and hydrogen bubbles are generated along the
vertical line. Hydrogen bubbles form streaks, which indicate a pattern of alternating convergence
and divergence in the cross-stream direction. This pattern is the horizontal manifestation of
streamwise vortices. (From Kline et al., 1967)

The turbulent nature of the shear flow along a smooth or rough surface includes
variability at short time and length scales, and the best observational techniques for the

8In honor of Theodore von Karman (1881--1963)
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detailed measurements of these have been developed for the laboratory rather than
outdoor situations. Figures 6-7 and 6-8 show the details of a turbulent flow along a
smooth flat wall. Note the rolling over of fluid particles across the primary direction of the
flow. Such cross-flow exchanges are responsible for momentum transfer in the direction
perpendicular to the boundary, which sets the average velocity profile.

The observational determination of the turbulence-averaged velocity profile u(z)
has been repeated countless times, every time with the same results. When the velocity
ratio u /u, is plotted versus the logarithm of the dimensionless distance u.z/v (with v

being the kinematic viscosity of the fluid), the data points form a straight line over a range
of two orders of magnitude (for u.z/v between 10 and 103%), except very near the

boundary where the velocity varies linearly rather than logarithmically. The rule is:

Viscous sublayer: M Uz for Uz <12 (6-13a)
u, v 1%
L u(z) 1 u.z u.z
Logarithmic layer: ——==—In| — [+5.56 for >12, (6-13b)
u, K v v

in which we encounter once again x =~ 0.40, the Von Kdrmdn constant. The value of this
constant is experimentally determined, and there is no theory to date that explains its
value.

The thickness z=12v/u, of the viscous sublayer is often much less than the
asperities of the surface. For example, the value of 12v/u, is typically less than a

millimeter for wind near ground level whereas the irregularities of a crop field .are on the
order of centimeters and those of a tree canopy on the order of meters. The situation is
similar for river flow with 12v/u, typically less than a millimeter and river bed
irregularities exceeding this by a large margin. In such a case, the flow above the boundary
irregularities does not depend on the viscosity of the fluid but on the size of the asperities,
with the logarithmic profile now expressed as

u(z) = “_I;m(i} (6-14)

Z

in which the so-called roughness height z, supersedes the viscosity. Figure 6-9 shows a
typical profile and how the parameters u, and z, are being determined from the linear

fit in the logarithmic plot of the velocity data. Table 6-2 provides experimentally inferred
values of the roughness height in various environmental situations. Values tend to be
around 5-10% of the averaged value of the asperities on the surface.
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Figure 6-9. Laboratory data of a velocity profile along a frictional surface, from Rieux et al. (2018).
Left panel: Profile of the turbulence-averaged velocity with a linear vertical scale. Right panel:
Same profile with a logarithmic vertical scale. The straight line fit to the data plotted on the right

indicates logarithmic behavior expressed in (6-14). The roughness height z; is the intercept on

the vertical axis, and the friction velocity u, / K is the slope of the straight line.

Table 6-2. The roughness height of common outdoor surfaces.

Type of surface z, (m)
Atmosphere Sand, snow or sea® 0.16 us*/g
Gravel 0.0002
Bare soil 0.001-0.01
Flat open country 0.02 -0.06
Grass — spare 0.0012
Grass — thick 0.026
Grass - thin 0.05
Wheat field 0.015
Corn field 0.064
Vines — along rows 0.023
Vines — across rows 0.12
Scrub 0.05
Savannah 0.4
Scattered trees 0.4
Forest - temperate 0.28-0.92
Forest - tropical 2.2-438
Residential neighborhood 1.0-5.0
Hilly terrain 1-10
Water Concrete channel 0.0003 - 0.003
Coarse grains®® 2.0 dyo
Rocks 0.05

% A function of the surface stress because of ripple and wave formation.
0 dyo is the diameter of the 90" percentile in the grain size distribution.
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6-6. Turbulent jet

Whenever a fluid enters through an orifice a body of the same fluid, a velocity
shear is created between the entering and ambient fluids, causing turbulence and mixing.
In nature, the situation occurs where a river empties into a lake or the sea, but, perhaps
the most clearly defined jets are those produced when a fluid is discharged in the
environment through a relatively narrow conduit, such as when treated wastewater is
released through a pipe on the bank of a river or when fumes are emitted from a
smokestack. Since the properties of a turbulent flow greatly depend on the geometry of
the flow domain and on the type of forces acting on the fluid, almost every situation is a
separate problem requiring specific investigation. For simplicity, we limit ourselves here
to the most basic case, that of a jet penetrating in an otherwise quiescent fluid.

Figure 6-10. A turbulent jet
created in the laboratory. A
dyed water jet is shooting from
an orifice into stagnant, undyed
water. (Photo by the author)

Figure 6-10 shows the case of dyed water shooting into quiescent clear water.
What we immediately note is that the diameter of the jet does not remain that of the
orifice but grows in size with distance, and although the contours of the jet are relatively
irregular and variable, the jet diameter appears to grow linearly with downstream
distance. Laboratory investigations consistently reveal that the envelope containing the
turbulence caused by the jet adopts a nearly conical shape. In other words, the radius R
of the jet grows linearly with distance x downstream from the orifice. Furthermore and
quite surprisingly, the opening angle is always the same, regardless of the nature of the
fluid, diameter of the orifice, and discharge speed. This universal angle is 11.8° (Figure 6-
11), giving approximately 24° from side to opposite side. It follows that the jet radius R is
given by:

R(x) = xtan(11.8") zg (6-15)
Note that since the initial jet radius is not zero but the non-zero radius of the orifice, the
distance x used in (6-15) must be counted not from the orifice but from a small distance
5D /2 into the conduit that precedes the orifice, in which D is the dimeter of the orifice.
This point of origin may be called the virtual source (Figure 6-11).
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Figure 6-11. Schematic of a turbulent jet with attending notation.

Observations averaged over the many turbulent fluctuations (Figures 6-12) reveal
that the velocity in the jet obeys a law of similarity: All downstream cross-sectional
velocity profiles appear identical, except for a stretching factor, and their shape is very
nearly the Gaussian distribution (“bell curve”). Therefore, we can write:

2

r

u(x,r)=u,, exp| —— |, (6-16)
20

Where x is the downstream distance along the jet (counted from the virtual source), r

is the cross-jet radial distance from its centerline, u_ (x) is the maximum speed on the

centerline, and o(x) is the standard deviation related to the spread of the profile across
the centerline. Since 40 is the width of the distribution that encompasses 95% of the
area under the curve (a traditional and practical measure borrowed from statistics) and
since we know it to be the diameter 2R of the jet, we can write 40 =2R, yielding
o ~~ x/10 and leading to:

2
u(x,ry=u,_ exp(— 50: j . (6-17)
x
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Figure 6-12. Left panel: Radial profiles of the mean axial velocity in a turbulent round jet.
The dashed lines indicate the positions of the half-width r,, of each profile. Right panel:

The mean axial velocity profiles replotted after scaling showing their similarity. (Adapted
from Pope, 2000)

When a jet enters a fluid at rest, the sole source of momentum is that of the jet
itself, and the absence of external accelerating or decelerating forces beyond the orifice
implies that the momentum flux in the jet's cross-section remains constant downstream.
Since this flux is the momentum per unit volume pu (where p is the fluid density and u
its velocity), times the velocity u itself cumulated over the jet's cross-section, the
statement of constant momentum is:

U2 rD*

2 (6-18)

I: pu’ 2xrdr = p

in which U is the exiting velocity at the orifice and D the diameter of the orifice. Using
expression (6-17) for the velocity u(») inside the integral yields:

U ()= 2U . (6-19)
x

We note that the velocity along the centerline decreases as the inverse of distance from
the virtual source, and so does the average velocity across the jet:

e _ 5D

2x

ax

(6-20)

<u>= jwu27zrdr=

aZR* o

This has been verified by laboratory experiments (Figure 6-13).
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Figure 6-13. The downstream

variation of the time-averaged

centerline velocity in a

% @ m @ turbulent jet. (Hussein et al.,
x/d 1994)

Clearly, the turbulent jet mixes with the ambient fluid, and dilution is taking place.
We can verify this by calculating the volumetric flowrate carried by the jet as a function
of distance from the origin:

o Vs Vs
= ) 27rdr = — *=_DUx, 6-21
O(x) J.O u(x,r)2zrdr 50 u,. X 0 X ( )

which grows linearly with distance along the jet. The entrainment rate, which may be
defined as,

dg
= -"uD, 6-22
g dx 10 ( )

is found to be constant. If we conceive of this entrainment as caused by a lateral injection
of ambient fluid at inward radial velocity v such that dQ =v2xRdx, we have:

p= P Mme 0 10<y > (6-23)
4x

The inward radial velocity of ambient fluid being entrained by the jet’s turbulence is about
10% of the radially-averaged velocity inside the jet.
6-7. Convection

Thus far, we have encountered two distinct types of turbulence, mechanical
turbulence caused by a shear in the main flow (Sections 6-5 & 6-6) and inertial turbulence

that governs the population of smaller eddies down to dissipation (Section 6-2). There is
a third type, induced by convection. The existence of this third type of turbulence leads
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to a hierarchy of turbulent motions as depicted in Figure 6-14. In most cases, turbulence
begins with a shear flow or convection with larger, structured overturning motions,
followed by a Kolmogorov cascade to bring the supplied energy down to a scale when
viscosity can take the mechanical energy and turn it into heat. The only, and rather rare,

way of generating the Kolmogorov cascade directly is by means of an oscillating grid.

v

. . Heating from below
Main flow with shear .g .
‘ Oscillating grid ‘ or cooling from above

Shear turbulence

recirculation around obstacles
detached boundary layer

4

Convective turbulence

Thermals

Toward
smaller eddies

b Y "4

Inertial turbulence
(Kolmogorov cascade)

Eddies on most scales

largest _ Re
smallest

L 2

| |

- Heat

Figure 6-14. Hierarchy of turbulence types, from generating mechanism to ultimate
dissipation and production of heat. Blue arrows indicate the direction in which energy
flows. The oscillating-grid type of turbulence only exists in laboratory experiments for the
study of inertial turbulence and does not arise in nature or engineering applications.

When a fluid is heated from below (a fairly common occurrence in the kitchen),
the fluid nearest to the bottom becomes less dense by thermal expansion, is subjected to
an upward buoyancy force, and eventually leaves the bottom to rise toward the top.
These buoyant chunks of warm fluid are called thermals (Figures 6-15 and 6-16). To
replenish the rising fluid, colder fluid descends from above. This up-and-down process

repeats itself as long as the heat source is maintained at the bottom.
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Figure 6-15. A population of rising thermals in a fluid heated from below.
This situation is relatively structured because the amount of heating is
modest. In most situations, convection is much more chaotic.
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Figure 6-16. Manifestation of thermals in the atmosphere seen from a
mountain peak. In this picture taken in the afternoon of a sunny day, the sun
has been heating the ground surface, which in turns heats the atmosphere from
below. Humidity in the air condenses as the thermals proceed upward,
eventually becoming visible as cloud puffs. (Photo credit: ?)

Similarly, when a fluid is cooled from above (as mid-latitude lakes are in winter),
the fluid nearest to the top becomes denser by thermal contraction®!, is subjected to a
downward buoyancy force, and sinks toward the bottom. Not-so-cold fluid rises from
below to take its place.

In inertial turbulence, the controlling quantity was the cascading rate ¢ of energy,
while in shear turbulence it was the friction velocity u, defined from the stress along the

wall. Likewise, we should ask ourselves which may be a useful quantity to express the
intensity of convective turbulence. As u, in shear turbulence is representative of the

orbital velocity of eddies near the wall, we will choose for convective turbulence the
guantity w, that is representative of the vertical velocity of thermals.

The determination of this quantity begins with the listing of all the quantities that
are meant to be representative of thermal properties and the system in which they rise
or fall: Their volume V', mass m, their temperature anomaly AT, their vertical velocity
w, the height H to which they rise, and the heat flux per unit area Q,, (in W/m?) that

causes the convection. In addition, we invoke the linearized equation of state to describe
thermal expansion:

p=p,[1-a(T-T,)] (6-24)

11 A chief exception is water between 4°C and freezing, which expands with further cooling.
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starting from a reference density p, at temperature 7, with « being the thermal

expansion coefficient. Thus, with a temperature anomaly AT (> 0 for warm rising
thermals), thermals have a density deficit Ap =—p,a AT and are subjected to an upward

buoyancy force of p,aATV g. They accelerate from rest at the bottom to acquire a

velocity w when they reach a height H . At that level, the work of the buoyancy force
over distance H has been converted into kinetic energy. Thus, we write:

1
S w’ = p,VagHAT
and, since the mass m of athermalis pV = p, V', this reduces to:
1,
EW =agHAT . (6-25)

The other piece of the puzzle is the relationship between the heat flux O, and the rate

at which thermals leave the bottom. If m is the rate of mass of thermals leaving the
bottom per unit area, then

0, = rc AT

in which c, is the fluid’s heat capacity (in J/(kg:K)). Now, 71 = pw because

) mass mass volume ) distance
m= = X = density x ————

= — = - = density x velocity ,
areaxtime volume areaxtime time

from which follows
O, = pwe AT . (6-26)

Elimination of the temperature anomaly AT between (6-25) and (6-26) provides an
expression for the rising velocity w:

W = 2agHQ, .
pPC,

Approximating p to p, because density differences, while dynamically important, are

nonetheless relatively minor (water remains water, and air remains air...) and dropping
the factor 2 in view of the fact that we only dealt with approximate relations, we are
brought to define

106



Turbulence

1/3
" [&] (6-27)
pocv

as the vertical velocity magnitude that characterizes the convection. It is to convective
turbulence what u, is to shear turbulence. The temperature anomaly AT of the thermals

is on the order of:

2 Q2 1/3
y LI i . (6-28)
agH \agHp,c,

6-8. Reynolds decomposition and the turbulent kinetic energy budget

A mathematical approach to turbulence dynamics, which has been found useful
but also frustrating, is the method initiated by Osborne Reynolds (1842-1912), a British
pioneer in fluid mechanics. Reynolds expressed all physical variables as the sum of a time-
average!? and a time-dependent fluctuation, and for this reason the approach is called
the Reynolds decomposition. The following presentation restricts the attention to an
incompressible fluid to highlight key concepts and findings with minimal but still fairly
lengthy mathematics.

For the three velocity components, and pressure, we perform the Reynolds
decomposition by writing:

u=u+u', v=v+v, w=w+w, p=p+p’, (6-29)
in which the respective overbars indicate time averages, and primes fluctuations of zero-
average. Substitution in the volume conservation equation (3-17) and momentum
equations (4-28a,b,c) and then averaging over the fluctuations, we have after some re-

arrangements:

For the averages:

o v o

+—+ 0 (6-30a)
ox 0oy Oz

1270 be precise, the averages are taken at the same point and same time over many identical experiments,
something theoretically imaginable but realistically impractical. It is then hypothesized that the averages
over many identical experiments are equal to the time-averaged values in systems that are statistically
steady or vary in their averages only slowly with respect to the frequency of the turbulent fluctuations.
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ou _Ou _Ou _Ou

—tU—+V—+W—=

ot ox 0z

—l@+g(v6—u—u'u']+i va—u—ﬁ +£(v6—u—u’w’] (6-30b)
p Oox oOx\_ Ox ov\ Oy oz\ 0Oz

o _ov _ov _ov

— 4+ U—+V—+W—=

ot ox oy oz

—l@Jri(va—v—u’v’jJri va—v—v’v' +i(v8—v—v’W'J (6-30c)
p oy Ox\ Ox oy\ Oy oz\ 0Oz

oy\ 9y

We immediately note that because of the quadratic nonlinearity of the acceleration
terms, Equations (6-30b,c,d) for the average momentum (u,v,w) include non-zero

averages of quadratic expressions of the fluctuations, namely u'u’, W, u'w', etc. As
done in the preceding formulation, these quantities from the left can be tucked (with
negative signs) inside the viscous terms on the right. The result is that these quadratic
averages in the fluctuations act as stresses that add to the viscous stresses. Just to take
one among the six different ones, we see (after re-multiplication by density p) that
—pu'_v’ adds to pdu /0y in (6-30b) and to uov /oOx in (6-30c). We are thus tempted to
call them stresses, too, and to do so is actually legitimate because, like viscous stresses,
they act as momentum fluxes: —pw “kicks” some fluctuating x -momentum pu’ in the
y -direction with a V' fluctuation, just like the viscous term w0u /0y dissipates some x -
momentum in the y -direction. For this good reason, the quadratic terms are called

Reynolds stresses. In tensor form, the viscous stress tensor defined earlier in (4-26) is now
augmented as follows:

ou ou Ov Ou Oow
+

2— —— —+—
T Txy r. ox ay ox 0z Ox uu UV u'w
Tyx Tyy Tyz = ;U @ _au 2 @ @ 8_W _ p u’v' V’V’ V’W’ . (6-31)
ox 0y oy 0z Oy
T T T [ 1 1
zx zy 2z ow ou ow  év Bw uw vw ww

—_—t— —+— 2—
ox 0z 0Oy Oz oz

The conclusion from this is that stirring by turbulent eddies acts as the stirring of viscosity
by molecular agitation. Needless to say, in a turbulent flow field, the former is much larger
than the latter, with the ratio of the two being on the order of the Reynolds number. So,
the higher the Reynolds number, the more effective are the turbulent stresses compared

108



Turbulence

to the viscous stresses. The question that remains is: How do we determine these
Reynolds stresses?

To answer this question, we now subtract the averaged equations (6-30a,b,c,d)
from their original equations in order to obtain equations for the fluctuations. These are
rather lengthy, and to capture them in shorter form, we find it necessary to switch
notation. Instead of the three directions of space (x,),z) and the three velocity
components (u,v,w), we use the indexed variables x; and u,, with index i =1, 2, 3. We
further use the so-called Einstein summation notation with implicit summation over
repeated indices (often ;). The outcome is:

For the departures from the averages:

ou'

—J_0 (6-32a)
axj

%+ﬁ.%=—lal+i V%—ﬁiu'.—u;u',+ui'u’. : (6-32b)
o ox, p ox, Ox, | Ox, / / /

These are formidable equations that no one needs to commit to memory, obviously, but
they tell us something: To obtain an equation for, say, the pair uu’,, we need to take the

equation for u/ and multiply it by u;., then add to it the equation for u; multiplied byu,,

and then average the result. We do not need to actually do this and only note that in the
process, the quadratic groups become cubic groups, and therefore the six equations for

the six possible pairs uu’; include a total of ten new triplets uuu, ! If we had the

persistence to write the 10 equations for these triplets, we would find them to include 15

o

quadruplets uu wu, . In other words, in our search for progress we only multiply the

number of unknowns with no end in sight. The Reynolds decomposition is a trap! In polite
society, we admit that we have a “closure problem.” Over the years and out of necessity,
a series of hypotheses have been invoked to bring closure, such as expressing the
guadruplets in terms of pairs based on some statistical assumptions, but none has proven
completely satisfactory. The crudest and least satisfactory of all is the representation of
the Reynolds stresses as viscous stresses but with an enhanced “eddy viscosity.” For the
various closure techniques, the interested reader is referred to specialized texts, such as
Pope (2000). Our point here is only to demonstrate that Reynolds decomposition is
insufficient to solve the problem of turbulence.

Not everything is lost, however, for there is something interesting that stems from
the equation for the turbulent kinetic energy defined on a per-mass basis as:
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—_—
u, uu +vvV+uw'w

TKE = ”’2 . 5 (6-33)

Lengthy algebra with gathering of similar terms leads to its budget equation, with implicit
summation on both indices i and ;:

a ! a ! P
O g O \xp o Lo _Louwy, | OTKE b (6-34)
ot 7 ox, p Ox, 2 Ox Ox ,0x,

J

The first three (groups of) terms on the right consist of exact derivatives and are
understood as transport terms because they do not represent destruction or generation
of turbulent kinetic energy inside the domain but only a re-arrangement of it from place
to place with possible loss or gain at boundaries. The terms inside of the derivatives are
considered as turbulent kinetic energy flux components, and a customary reaction is to
express the set as a single dissipation term:

pu; uuu;,  OTKE  OTKE
—— +v =V

AR AN |

E
P 2 ox Ox,

J

) (6-35)

in which v, is an eddy viscosity that needs to be defined somehow and possibly varying
in space and time. The choice typically relies on more art than science.

The term denoted P is the production term:

P= —ﬁai (6-36)
Ox;

It is generally positive despite its minus sign in the front. Finally, the term denoted R is the
rate of energy dissipation

g=y—L—L (6-37)

that we identify as the same quantity as that encountered in the Kolmogorov eddy
cascade theory of Section 6-2. It is always positive as it is the average of a squared
guantity, meaning that it causes a reduction in turbulent kinetic energy.

It is interesting to apply the preceding budget for the turbulent kinetic energy to
the case of shear turbulence when there is a single average velocity component u, =u
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function of only a single transverse direction x; =z and when the flow is in statistical
steady state (0/0t=0):

1dp'w 1duuw  d*TKE ——du

0= 1% >
p dz 2 dz dz dz

c. (6-38)

The factor —u'w' in the production term is, by virtue of its being the sole remaining
Reynolds stress, equal to the wall stress divided by density: —u'w = r,,/ p.Itisthusequal
to u’ by virtue of (6-11). The transport terms play no role except in the very proximity of
the wall, and the balance in the bulk of the shear zone is chiefly between local production

and destruction of turbulent kinetic energy:

d
e=P — 5=uf—u. (6-39)
dz

For the logarithmic velocity profile (6-14), we have:

3
&=u; i[ﬁlni] - U , (6-39)

dz\ k z,) Kz

a result anticipated in (6-12) from dimensional analysis. The 1/z structure has been
proven to be true from observations in wind shear near ground level (ref here; Pope
2000?).

Thought problems

6-T-1. Question

6-T-2. Question

6-T-3. Question

Quantitative exercises
6-Q-1. Question
6-Q-2. Question

6-Q-3. Question
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