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Chapter 8 
Going airborne 

 
 
8-1. Air lift 
 
 Unless it is buoyant–which is almost never the case in the atmosphere1–, an object 
can only be airborne if it experiences a lift force sufficient to overcome its weight, and a 
lift force can only be produced by motion of the object through the fluid (air for us here).  
The lift force is the reaction of the air to a downward pushing by the object2, most often by 
wing appendages specially designed for that effect, as depicted in Figure 8-1. 
 

 
Figure 8-1.  How lift is produced by the moving object pushing the fluid 
downward.  The situation is depicted in the frame moving with the wing, so 
that the wing appears stationary and the air coming onto it.  The angle  
between the wing main axis and the direction of motion. 

 
 
 The faster the wing moves through the fluid, the more air it pushes downward, and 
the greater the lift it experiences.  As we saw in Section 4-5, the force exerted against an 
object deflecting flow is proportional to the mass flow and to the velocity deflection, as 
expressed in Equation (4-20).  Both the mass flow m  and the velocity deflection 

 out inu u
 

 are proportional to the incoming flow.  Thus, in first good approximation, the 

force is proportional to the square of the velocity.  For a wing-type object, the more area 
deflects the flow, the more force it will experiences.  So, the lift force is also expected to 
be proportional to the area exposed to the flow, and we write: 
 

 21

2L L pF C A U , (8-1) 

                                                 
1 While this chapter considers movement exclusively through the air, it is clear that all principles outlined 

here also apply to movement through water or any other fluid.  They also apply to stationary objects in a 
passing flow, such as buildings in the wind. 

2 Beware of explanations based on the Bernoulli Principle.  The Bernoulli Principle holds, but most of the 
explanations based on it are incorrect. 
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in which  is the density of the displaced fluid (air for us here), Ap the so-called planform 
area (the area of the object as seen from above, but usually restricted to the surface area of 
wings), U the speed of the flying object, and finally CL a dimensionless factor called the 
lift coefficient.  The lift coefficient varies chiefly with the angle of attack, which is the angle 
between the main direction of the wing and the direction of travel (angle  in Figure 8-1).  
A typical variation is shown in Figure 8-2.  The lift may be positive at zero angle of attack 
because of camber (slightly arched shape).  As the angle of attack increases, the lift 
coefficient increases almost linearly, but at some particular value of , the lift coefficient 
drops abruptly.  The reason for this is that the flow on the back side is no longer streamlined 
but separates from the wing [panel (e) in Figure 8-2].  This situation called stall is usually 
undesirable, unless sought on purpose.  Birds and airplanes use stall during landing. 
 
 

 
Figure 8-2.  Variation of the lift coefficient CL with the angle of attack  for 
the NACA-4412 airfoil, which is typical of a cambered wing. 

 
 
8-2. Wing loading 
 
 Wing loading is defined as the weight of the object (insect, bird, airplane) divided 
by the total wing area: 
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Note that the numerator is not the lift force, which varies with speed, but the weight of the 
object, which typically does not vary3.  So, the ratio is an inherent characteristic of the 
object. 
 
 In steady horizontal flight, the weight mg of the object matches the lift force FL: 
 

 21

2 L pmg C A U . (8-3) 

 
from which follows that the wing loading is proportional to the square of the cruising speed: 
 

 21

2W L
p

mg
L C U

A
  . (8-4) 

 
Thus, objects with a higher wing loading must fly faster to remain airborne.  For airplanes, 
the logic is actually the reverse: The weight and cruising speed are first set as part of the 
design considerations, and the wing area is then determined from the wing loading.  Table 
8-1 lists the wing loading and cruising speed for a variety of insects, birds and airplanes. 
 
Table 8-1.  Wing loadings for various insects, birds and airplanes, and associated cruising speed. 

 
Weight 

(N) 

Wing 
surface 

(m2) 

Wing 
loading 
(N/m2) 

Cruising speed4 

(m/s) (mph) 

Insects 
Mosquito 2.5x10-5 2.2x10-4 0.11 0.56 1.2 

Monarch butterfly 0.0043 0.0026 1.65 2.12 4.7 
House fly 0.00014 2.3x10-5 6.0 4.1 9.1 

Birds 

Bee hummingbird 0.02 0.0007 29 8.8 19 
Barn swallow 0.2 0.013 15 6.5 14 

Tern 1.15 0.050 23 7.9 18 
Dove 2.8 0.07 40 10 23 

Sea gull 3.67 0.115 32 9.3 21 
Vulture 70 1.0 70 14 31 

Albatross 87 0.62 140 19.5 44 

Airplanes 

Beech Baron 22,690 18.5 1,227 58 129 
Supermarine Spitfire 42,200 22.5 1,875 71 160 

F-16 188,350 27.87 6,760 136 303 
Fokker F28 323,730 78.97 4,099 106 236 
Boeing 747 3.27x106 511 6,400 132 295 
Airbus 380 5.64x106 845 6,670 135 302 

 
                                                 
3 Exception: Airplanes lose weight as they consume fuel, and birds lose a significant amount of fat when they 

fly long distances. 
4 Determined from wing loading using: Wing loading = 0.3  U2, and  = 1.225 kg/m3. 
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 These tabulated values indicate a progression from small and slow toward heavy 
and fast, and one may ask whether there is a rule of thumb.  To discern such a rule, weight 
versus speed has been plotted for many insects, birds and aircrafts in what has been dubbed 
“The Great Flight Diagram” reproduced here as Figure 8-3.  The surprising thing is that 
the numbers of most insects, birds and airplanes, despite their huge range of scales and 
widely different types of wings, closely follow a single line, which is a straight line on the 
log-log plot of the weight versus wing loading.  The mathematical expression of the blue 
line drawn on Figure 8-3 is (in metric units): 
 

  1/3
47WL mg . (8-5) 

 
The 1/3 power can be rationalized as follows.  If ℓ is the wing span, defined as the distance 
from left wing tip to right wing tip with wings fully stretched, and if all flying things have 
more or less the same proportions, then the planform area of the wings is proportional to 
ℓ2 and the weight to ℓ3.  This makes the wing loading proportional to ℓ3/ℓ2 = ℓ, which is 
proportional to (weight)1/3. 
 
 There is some scatter on the Great Flying Diagram, which points to a range from 
poor to superior designs.  The poorer designs are those that need excessive wing spans for 
their cruising speed, with points on the graph falling to the left of the main line.  Here we 
find, not too surprisingly, extinct species (pteranodon and argentavis), upon which natural 
evolution has since found ways to improve, and human-powered aircrafts.  The problem 
with human-powered aircrafts is that humans are comparatively heavy (they are not meant 
to fly!) and cannot exert much power (~20 W per kg of muscle mass) in a sustained way 
compared to birds (~100 W per kg of muscle mass) and airplanes (~100 W per kg); those 
aircrafts are plagued by high weight and low speed, which necessitates anomalously large 
wingspans.  The greatest designs are those that manage flying with a comparatively low 
wing area and therefore a higher wing loading.  The corresponding points are on the right 
of the main line, and here we find a number of common insects (each very well adapted) 
and fighter jets (purposefully designed for high speeds).  Note that the supersonic Concorde 
is not among the better designs, and the reason is that it needed oversized wings for takeoff 
and landing on the same runways as subsonic planes. 
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Figure 8-3. The Great Flight Diagram showing the overall relation between weight, wing loading 
and cruising speed for a variety of insects (brown), birds (black), prehistoric birds (grey), human-
powered aircrafts (red), airplanes (blue), and various small aircrafts such as toys, gliders and solar 
powered experimental planes (purple). (Source: Tennekes, 2009, Figure 2, with colors added and 
other minor modifications) 
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8-3. Good and bad drag 
 
 A lift needs speed, and this comes with a drag penalty.  Whenever a body, be it a 
human person, bird, vehicle or aircraft, moves through the atmosphere, it needs to displace 
air to make room for its passing.  The air gathers back behind the body but not in a 
reversible way.  Eddies and other motions left behind in the air draw energy away from the 
forward movement of the body.  There is also resistance caused by friction of the air as it 
scrubs along the exposed surface of the body.  The net is a resistance force called the drag 
force, which has two components, a form drag and a skin drag.  When the body is slender 
like a wing (the technical word being an airfoil), skin drag usually dominates, whereas 
form drag dominates in the case of blunt objects. 
 
 We usually conceive of drag as a penalty because it causes energy consumption, 
but it should be realized that there are cases when drag is highly desirable.  The obvious 
example is that of the parachute to slow the fall of someone jumping from a flying airplane, 
but airplanes do need drag to slow down before landing on the ground, and so do birds, 
especially when they land on something as narrow as a tree branch or a nest at the edge of 
a cliff.  When drag is detrimental, efforts are made to minimize it by striving for so-called 
aerodynamic shapes.  The bodies of birds, fish, automobiles, and airplanes have evolved to 
minimize drag. 
 
 Since drag is caused by motion, the drag force must clearly be a function of the 
speed U of the object so that when U = 0, there is no drag.  In first approximation, because 
of the presence of turbulence in the disturbed air, the drag force FD is proportional to the 
square of the velocity.  It is also dependent on the size of the object because a larger object 
has a larger exposed surface and displaces more air.  In analogy with (8-1) for the lift force, 
we write: 
 

 21

2D D fF C A U , (8-6) 

 
in which  is the density of the displaced fluid (air for us here), Af the frontal area (the area 
“seen” by the airflow), U the speed of the body, and CD a dimensionless coefficient called 
the drag coefficient (to subsume all the ugly details).  For slender objects, when drag 
consists mostly of skin drag, the overall surface area may be a better choice for the area 
factor in (8-4). 
 
 At high speeds, when the wake is definitely turbulent, the quadratic dependence of 
the drag force on the speed is exact, and the drag coefficient CD in (8-6) is a constant.  The 
value of this constant depends on the shape of the object, as shown in Table 8-2.  When the 
speed is moderate, the wake may not be fully turbulent, and the drag force increases less 
rapidly than the square of the velocity, making the drag coefficient a decreasing function 
of the Reynolds number (defined from the object’s speed, width or diameter, and air 
viscosity).  Figure 8-4 shows the variation of CD with Re for a smooth sphere, cylinder and 
disk. 
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Table 8-2.  Drag coefficient values for objects of various shapes at high Reynolds numbers. 

Geometric shapes CD Realistic shapes CD 

Sphere 

 

0.47 
Standing 
person 

 

1.2 

Half sphere 
 

0.42 Bicyclist 

 

1.0 

Spherical 
cup 

 
 

Motorcycle 
with rider 

 

0.6 ± 0.1 

 
 Toyota Prius 

 
0.26 

Disc 
 

 
Tesla 

Model S  
0.24 

Cone 

 

0.5 
Open 

convertible  
0.6 ± 0.1 

Cube 1.05 Truck 
 

0.45 – 
0.8 

Angled 
cube 

 

0.80 
Truck with 

trailer  
0.55 – 

1.0 

Long 
cylinder  

0.82 Learjet 24  0.022 

Short 
cylinder  

1.15 Airbus 380 
 

0.0265 

Cylinder in 
crossflow 

(incl. wires) 
 

1.2 Eiffel Tower 

 

1.9 

Airfoil  0.045 
Empire State 

Building 

 

1.4 
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Figure 8-4.  Variation of the drag coefficient with the Reynolds number for 
a smooth sphere (black), cylinder (blue) and disk (green), the latter two placed 
in a crossflow position. 

 
 
At very low Re (Re < 1), analytic solutions exist for the viscous flow around the sphere and 
cylinder.  The outcome is: 
 

 Sphere: 
24

DC
Re

        (8-5a) 

 Cylinder: 
8 1

8
ln 0.0772

DC
Re

Re




   
 

.     (8-5b) 

 
 When an object falls down, it first accelerates under gravity but eventually acquires 
a constant vertical speed.  This is called the terminal velocity, and it is reached when the 
retarding drag force offsets the pulling gravitational force.  The balance of forces yields: 
 

 21 2

2 D f
D f

mg
C U A mg U

C A



   .     (8-6) 

 
If the object falls in a regime for which the drag coefficient depends on the Reynolds 
number, formula (8-3) needs to be solved by iterations starting from a first guess for CD, a 
first estimate of the velocity U, a calculation of the Reynolds number, an improved value 
of CD, and so on.  An exception is for tiny spherical particles, for which the drag coefficient 
is given algebraically by (8-5).  The terminal velocity in this case is 
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3

mg
U

D 
 ,         (8-7) 

 
in which  is the dynamic viscosity of the fluid.  When an object falls in water, such as a 
sediment particle, the terminal velocity is often called the settling speed.  The drag on cross-
flow cylinders has applications in water flow over submerged plant stems. 
 
 
8-4. High speed is best 
 
 In horizontal flight, birds and airplanes need to generate a lift equal to their weight 
( LF mg ), and according to formula (8-1) this necessitates a sufficient speed U.  But what 

happens when the speed isn’t high enough, as it is the case during takeoff and landing?  
One remedy is to increase the wing area Ap, but this can be done only up to a point.  Birds 
can maximally extend their wings, and planes can widen their wings by extending flaps.  
The next remedy is to increase the lift coefficient CL.  This is accomplished by increasing 
the angle of attack (see Figure 8-2) but only up to a point because beyond a certain angle 
the wing stalls, and lift is lost.  The final remedy is to take off and land into the wind to 
effectively increase the relative speed between object and air.  In the absence of wind, a 
bird or a plane can’t take off or land safely unless it has enough lift coefficient and wing 
area. 
 
 Consider a bird or plane that has acquired enough speed and has just taken off.  
With maximally extended wings and a high angle of attack, its drag is rather large, and the 
power to be deployed to overcome this drag, not counting the additional power necessary 
to gain altitude, is rather considerable.  With higher speed gained, the U2 term in expression 
(8-1) for the lift relieves the situation, wings can be reconfigured to be better streamlined, 
and the angle of attack may be reduced.  These changes reduce drag, and the power demand 
decreases.  At higher speeds still, drag increases as the square of the speed according to (8-
6), and the demand on power increases again.  The net is a power-speed relationship that 
has a minimum for a certain speed, as depicted in Figure 8-5.  On Figure 8-5, the maximum 
power available (muscle power for a bird, engine or propeller power for a plane) is also 
indicated.  It is only slightly varying with speed. 
 
 At minimum required power, the flight is most economical, and the corresponding 
speed is the best endurance speed5.  Above this speed, the power required increases as more 
drag needs to be overcome, up to when power required equals power available.  At the 
point where the two curves cross, the maximum level-flight speed is reached.  Below the 
best endurance speed, the power required increases with decreasing speed because the 
wings need to be extended and/or pitched at a higher angle of attack, both of which increase 
drag and demand more power to overcome this additional drag.  Flying an airplane in this 
regime is relatively unsafe because the pilot’s natural reaction to increase power in order 
to increase speed does not apply.  Instead the power has to be increased to lower the speed 

                                                 
5 It has been observed that some birds migrate at speeds higher than the best endurance speed.  These seem 

to be more concerned by time than energy. 
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of the plane.  Pilots call this the “region of reversed command.”  You may have noticed as 
an airplane passenger that engines are revving just before touch-down, and this is why.  
Besides the safety aspect, it is clearly not economical to cruise at speeds lower than the 
best endurance speed because speed is low and power required is high, a double whammy. 
 

 
Figure 8-5.  Typical relationship between power and airspeed for 
a bird or airplane.  The axes are unlabeled because the numbers 
vary widely with the size of the bird or plane.  Airspeed is the 
speed of air relative to the flying body, which differs from 
groundspeed in the presence of wind. 

 
 
 When climbing, the power requirement obviously goes up as additional energy 
needs to be spent to increase the potential energy, and likewise less power is required when 
descending.  At the limit, no power needs to be spent during gliding (Figure 8-6) 
 

 
Figure 8-6.  Balance of forces in gliding flight. 
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In gliding, there is no thrust, and the body gradually goes down, on a path inclined by an 
angle  from the horizontal.  The balance of forces requires: 
 
 Direction of lift: cosLF mg   (8-8a) 

 Direction of drag: sinDF mg   (8-8b) 

 
and implies that the angle  is such that 
 

 tan D

L

F

F
  . (8-9) 

 
Because the velocity triangle makes the same angle  as the force triangle, the speed of 
descent is 
 

 tan D

L

F
w U U

F
  . (8-10) 

 
Obviously, to glide as far as possible, one has to minimize the rate of descent and therefore 
to minimize the ratio of drag to lift.  This is why heavy birds, who need to glide much of 
the time to save energy, have large wingspans. 
 
 In horizontal flight with an engine or flapping wings generating a thrust FT, the 
balance of forces would have been  
 
 Vertical: LF mg  (8-11a) 

 Horizontal: D TF F . (8-11b) 

 
and we see that the ratio FD/FL is in this case equal to FT/mg = (FTL)/(mgL), with L being 
the traveled distance.  This is the energy spent during flight per unit weight and per unit 
distance.  Therefore, the ratio of drag to lift is both the rate of descent in gliding and the 
energy spent per unit of weight and distance in horizontal flight. 
 
 
8-5. Wingtip and trailing vortices 
 
 So far, we only mentioned the value of the lift force and its relation to speed, angle 
of attack and other forces.  It is interesting to see how the lift actually arises from the 
pressure distribution around the perimeter of the wing.  Figure 8-7 shows the pressure 
distribution along the upper and lower surfaces of an airfoil, in terms of the distance x 
across the wing divided by the chord c, which is the width of the wing.  The vertical axis 
is the so-called pressure coefficient that measures pressure in a dimensionless way: 
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

 . (8-12) 

 

 
Figure 8-7.  Pressure coefficient on the upper and lower 
surfaces of an airfoil, indicating a lower pressure on top and 
a higher pressure underneath.  The difference between the 
two integrated across the chord width c gives the lift force 
per unit length of the airfoil. 

 
 
In first approximation6, the Bernoulli Principle holds, which is in the frame moving with 
the airfoil: 
 

 
2 2( ) ( )

2 2
atmpp x u x U

 
   , (8-13) 

 
and at the leading edge (x = 0) where the flow comes to a stop, the pressure is the stagnation 
pressure: 
 
 

 
2(0)

(0) 1
2

atm
p

pp U
C

 
    . (8-14) 

 
Beyond the leading edge, the difference between upper and lower surfaces becomes very 
pronounced, with the pressure falling to sub-atmospheric values (Cp < 0) on top of the wing 
in exchange for faster flow, and with pressure remaining more or less atmospheric 
underneath.  Figure 8-7 is but an example; the underneath pressure may have a different 
distribution depending on the camber (curvature) of the wing.  The two pressures 
eventually become equal at the trailing edge of the wing (x = c) where the upper and lower 
flows meet.  The integration of the pressure difference across the width of the wing gives 
the lift force per unit length of wing span: 
                                                 
6 We take the air as incompressible, which is a good approximation at low Mach numbers and ignore for the 

moment any frictional effects. 
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  
2

0 0
( ) ( )

2

c c

L atm p

U
F p x p dx C x dx

     , (8-15) 

 
and the lift force is the further integration of this across the wingspan, say in the y-direction 
from 0 to L, multiplied by 2 because wings come in pairs: 
 

 
( )2

0 0
2 ( ) ( )

L L c y

L L po
F F y dy U C x dx dy    . (8-16) 

 
 At the wing tip (y = L), the lower pressure on top comes into contact with the higher 
pressure below.  Air tends to flow from the higher to the lower pressure, creating a so-
called wingtip vortex, as illustrated in Figure 8-8.  These vortices (one on each wing tip) 
take energy away from the flying body and thus contribute to unwanted drag.  A remedy 
on aircrafts is to add slanted, or even vertical, winglets at the wing tips, as illustrated in 
Figure 8-9. 
 

 
Figure 8-8. Dramatic manifestation of pressure difference between top and bottom 
sides of an airplane wing.  At the tip of the wing, the higher pressure below the 
wing creates an outward push of air away from the plane while the lower pressure 
on top of the wing creates a suction toward the plane.  The result is a vortex as 
large as the plane.  In this photo, the vortex was made visible by means of a canister 
releasing red smoke placed on the ground to the right of the aircraft. 
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Figure 8-9. How a winglet added to the tip of a wing helps prevent leakage of higher-
pressure air from below the wing into lower-pressure air above the wing.  The net is 
the quasi-total elimination of the wingtip vortex and a sizeable reduction in drag. 
(Source: Aviation Partners) 

 
 
 Interestingly enough, wingtip vortices can be used to advantage instead of being 
considered as a nuisance.  This is the case for the delta wing7, a wing shaped in the form 
of a triangle like the Greek uppercase letter delta ().  Figure 8-10 shows two examples of 
different sizes.  Most kites are delta wings. 
 

       
Figure 8-10.  Two aircrafts with delta wings.  Left: a hand-glider (Source: Science 
Learning Hub).  Right: the Avro Vulcan bomber (Source: REX, The Telegraph). 

 
In this configuration, a wingtip vortex begins at the root of each wing and amplifies along 
the edge, as depicted in Figure 8-11.  As the vortex gains strength, airspeed increases 
sizably, and by virtue of the Bernoulli Principle the pressure drops (as it drops in the 
spiraling bathtub vortex).  This low pressure on the upper surface generates the lift.  
Another advantage of this flow structure is that it helps keep the flow attached to the upper 
side, preventing stall at larger angles of attack and thus flight at lower speeds. 
 

                                                 
7 An alternative name is the swept wing, to indicate that the wing does not so much extend outward from the 

body as it is sweeping back toward its tail. 
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Figure 8-11.  The configuration of the pair of wingtip vortices on a delta wing. 
(McCormick, 1979, with slight modifications). 

 
 
 There is a further and fundamental relationship that exists between lift and vorticity.  
In Section 3-9, we learned that vorticity flux across an area equals the circulation along the 
loop that encloses that area.  We now demonstrate that the circulation around an airfoil is 
proportional to the lift on that airfoil.  This is the Kutta–Joukowski Theorem, named in 
honor of Martin Kutta (1867-1944), a German mathematician, and Nikolai Zhukovsky 
(1847-1921), a Russian mathematician and engineer.  The demonstration is rather involved 
but the result so profound that it is worth the effort.  The exercise is also a useful application 
of the dynamics exposed in Chapter 4. 
 
 The demonstration of the Kutta-Joukowski Theorem begins with the following 
assumptions: two-dimensional, steady, inviscid and incompressible flow with uniform 
upstream flow (with velocity U).  Because the flow is uniform upstream and there is no 
viscosity, the flow preserves its zero-vorticity property everywhere8.  Now consider the 
cross-section of the airfoil and an associated contour (blue line with arrows) as depicted in 
Figure 8-12.  The integrated vorticity within this contour is nil since the vorticity is zero 
everywhere inside it, and this implies that the circulation around the contour is also zero 
by virtue of Equation (3-27): 
 
 tangential 0

ABCDEFGHIA
u ds  . (8-17) 

 
The integration of the tangential velocity along the matching stretches A→B and E→F 
cancel each other out since they pick the same velocities but in opposite directions 
(opposite signs for ds); so, they cancel each other.  The integration along the contour 
portion B→C→D→E yields the circulation around the airfoil, which we denote : 
 
 tangentialBCDE

u ds   . (8-18) 

 
                                                 
8 This is called irrotational or potential flow. 
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Figure 8-12.  An airfoil cross-section embedded in a closed 
contour for the demonstration of the Kutta-Joukowski Theorem. 

 
This leaves from (8-17): 
 
 tangential 0

FGHIA
u ds    , (8-19) 

 
in which the remaining contour integral is along the outer rim F→G→H→I→A, which we 
take sufficiently far away so that the flow field over there is only slightly departing from 
the uniform flow U. 
 
 Next, we perform a budget for the vertical momentum within the outer rim (closing 
the vanishing gap A-F).  This budget states that the vertical momentum w exiting through 
section I-A-F-G is equal to the vertical momentum entering through section G-H-I plus the 
sum of vertical forces.  Gravity is immaterial since it is compensated by a hydrostatic 
component in pressure.  This leaves the downward force exerted by the airfoil as a reaction 
to its lift FL′ (per unit length of airfoil) and the vertical component of the non-hydrostatic 
pressure force around the outer rim.  Thus, we have: 
 

 n n L

IAFG GHI FGHIA

wv ds wv ds F p dx       , (8-20) 

 
in which vn is the velocity normal to the incremental segment ds of contour, and p is the 
non-hydrostatic part of the pressure.  Note that where dx > 0 (along H→I→A), the pressure 
force is upward and counting positively, while it is downward and counted negatively along 
the stretch F→G→I where dx < 0. 
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 The next step consists in applying the Bernoulli Principle to eliminate pressure.  
Evidently, the Bernoulli Principle holds under the stated assumptions of steady, inviscid 
and incompressible flow.  Solving for pressure, we have 
 

  2 2 2

2atmp p U u w


    , (8-21) 

 
because all streamlines are connected to the far upstream flow where p = patm, u = U, and 
w = 0.  Far away where the outer rim lies, the velocity is only very slightly departing from 
the uniform flow, u = U + u′ with both u′ and w << U.  Retaining only the first-order 
variation, (8-21) reduces to 
 
 atmp p Uu  . (8-22) 

 
The integral of the constant patm around the closed contour yields zero.  If we also retain 
only the first-order variations in the momentum fluxes (vnds ≈ Udz with dz > 0 along 
I→A→F→G and < 0 along G→H→I), Equation (8-20) becomes 
 

 L

IAFG GHI FGHIA

U wdz U wdz F U u dx         . (8-23) 

 
Moving all the integrals to the left and gathering them into a single integral, we have: 
 

 ( ) L

FGHIA

U u dx wdz F     . (8-24) 

 
The term u′ may be replaced by U + u′ = u because the integration of the constant U over 
a closed contour is nil.  In other words, the prime may be dropped.  The remaining integral 
along the other rim is found to be identical to that in (8-19), which is equal to –.  The 
outcome is the very elegant result, that the lift force is proportional to the circulation around 
the airfoil: 
 

 LF U   . (8-25) 

 
 If lift implies circulation, and circulation implies vorticity, then lift implies 
vorticity.  But since the vorticity is nil in the incoming flow and viscous effects are minor, 
any clockwise vorticity around an airfoil must be accompanied by counterclockwise 
vorticity somewhere else.  Observations reveal that the compensating vorticity is shed at 
the trailing edge where the upper and lower flows re-attach, as depicted in Figure 8-13.  
The fact of the matter is that, as an airplane accelerates on the runway and develops lift and 
circulation around its wings, a trailing vortex is growing behind it.  Trailing vortices shed 
during acceleration at takeoff take time to blown away by winds and eventually dissipate.  
This is why an airplane may not take off too soon after the previous airplane lest it could 
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be pushed downward by the trailing vortex left behind by the previous plane.  This is 
particularly important when a small plane follows a big one. 
 

 
Figure 8-13.  Formation of trailing vortices and a starting vortex as an airplane takes off. 

 
 
8-6. How birds fly 
 
 The essential difference between birds and airplanes aside from their smaller size 
is that birds have flapping wings that provide both lift and thrust (Figure 8-14).  By flapping 
their wings, some birds are able to take off vertically, and some may even be able to hover, 
that is, to have lift with zero forward speed.  In non-flapping mode, birds glide and save 
precious energy.  Wide open and steeply angled wings offer substantial drag that allows 
strong deceleration for landing on something as narrow as a tree branch or electric wire. 
 

    
Figure 8-14.  Left: Flying geese with flapping wings in various positions of downstroke and 
upstroke.  Right: A hummingbird hovering in front of a flower. 
 
 
 Bird wings do not flap rigidly but can also bend, and the end feathers can spread 
open if necessary.  In comparison with humans, bird wings consist mostly of the forearm 
and the hand so that the articulation at the wrist (at about mid-span) allows the wing to 
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bend, and the spreading of the fingers widens the end part to separate the feathers.  The 
short upper arm and the articulations at the shoulder and elbow allow the wing to change 
its angle of attack and to be folded along the body when not flying. 
 
8-6-a. Downstroke 
 
 Figure 8-15 shows the force and velocity vectors on a bird during the downstroke 
of its wings.  The bird is flying horizontally at speed U while its wings are beating 
downward at speed w relative to the bird.  Thus, the absolute wing speed is composed of 
the vector with U and w components, forming an angle  with respect to the horizontal, as 
indicated in the lower left diagram.  Because the wing is a well profiled airfoil, this oblique 
movement of the wing generates negligible drag and mostly an lift force F


 perpendicular 

to the oblique wing, the vertical component of which is the lift proper (FL, perpendicular 
to the line of flight) and the forward component of it is the thrust (FT).  The thrust is used 
to overcome the drag, which comes mostly from the bird’s body, not its wings. 
 

 
Figure 8-15.  Force and velocity vectors on a bird flapping its wings downward. 

 
 
 With the tilt angle  being the same between the velocity and force components 
(see Figure 8-15), it follows that the ratios are equal to each other: 
 

 T

L

F w

F U
 . (8-26) 

Elimination of the denominators by multiplication yields: 
 
 T LF U wF . (8-27) 

 
The product FTU is the thrust times its displacement per time.  It is therefore the work done 
per time, i.e., the energy consumption (power) needed to fly forward.  We note that it is the 
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product of a relative small force with a relatively large velocity.  Interestingly enough 
according to (8-27), this product is equal to wFL, which conversely is the product of a 
relatively small velocity with a relatively large force.  Thus, we see that the bird is 
simultaneously capable of generating a large lift force to hold its weight in the air and a 
moderate thrust to move forward with a relatively gentle vertical velocity w of its flapping 
wing.  The relative smallness of w implies that the wings don’t have to beat very fast to be 
effective.  The wingtip elevation z as a function of time during the flapping cycle can be 
described by a sinusoidal as z(t) = h sint, with 2h being the top-to-bottom flapping 
amplitude and  the angular frequency.  The corresponding vertical velocity is w = dz/dt, 
oscillating between ±h.  Birds have limited flexibility in flapping frequency , but they 
can easily modify the vertical amplitude h of the beat to adjust the vertical velocity of their 
wings. 
 
 If a bird needs to accelerate rapidly, as a pigeon does after takeoff or as a turkey 
does in fright when trying to escape a fox, energy consumption is not a consideration, and 
the wing-flapping amplitude can become so large that the opposite wingtips can touch at 
both bottom and top of the stroke.  In terms of the vector geometry of Figure 8-15, the 
angle  can get as high as 45o. 
 
 When done with the acceleration, the bird flies with fixed energy consumption, 
FTU.  This means that at higher speed U the bird normally reduces its thrust FT.  Since the 
product wFL remains equal to FTU, which is fixed, and since the lift FL has to keep matching 
the bird’s weight, the vertical wing velocity w remains unchanged as well, too.  This means 
that the ratio w/U decreases at higher speeds, and so does the angle .  Although the bird 
flaps its wings just as fast, it flaps them over a narrower interval.  It also flaps them at a 
lower angle of attack because the lift coefficient CL must decrease to keep the lift force FL 
unchanged at higher speed U, by virtue of (8-1). 
 
 The generation during bird flight of a thrust by an oblique lift rather than a drag 
force is analogous to the sculling technique used to propel small boats with a single stern-
mounted oar (as opposed to paddling that uses the drag force).  The Chinese sampan and 
Venetian gondola are both driven by this technique (Figure 8-16).  The design is a naval 
efficiency success.  An Italian study based on oxygen uptake (Capelli et al., 1990) showed 
that the amount of energy a gondolier expends to paddle himself and two passengers is 
equal to the energy expended by one person walking at the same speed.  The blades of 
common ship and small airplane propellers work on the same principle. 
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Figure 8-16.  Examples of propulsion by sculling.  Left: A Traditional hongtou sampan of 
Shanghai, China (in public domain).  Right: A Venetian gondola (Source: HowStuffWorks, 
edited). 

 
8-6-b. Upstroke 
 
 During the upstroke, the bird can still produce lift with the proper angle of attack, 
but at the expense of thrust, which becomes negative (Figure 8-17, bottom left).  A positive 
thrust can be generated, but then the lift would be negative, and the bird would plunge 
downward (Figure 8-17, bottom right). 
 

 
Figure 8-17.  Force and velocity vectors on a bird’s wing during downstroke and upstroke.  The 
downstroke graph duplicates that of Figure 8-15 for better comparison.  If the bird were not altering 
its wing shape, it would produce during upstroke either positive lift and negative thrust, or vice 
versa, but not positive lift and thrust simultaneously. 
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 The remedy to this quandary is for the bird to alter the shape of its wings during the 
upstroke movement.  It folds them to reduce their span and change the angle of attack 
between inner/arm wing and outer/hand wing9.  Figure 8-18 depicts the flapping cycle of a 
common pigeon, with stages A-B-C corresponding to the downstroke and stages D-E-A to 
the upstroke.  Note the pronounced bending of the outer wing segment (hand part) during 
stage D and the gradual unbending in stage E. 
 
 

 
 

 
 
 
 
Figure 8-18.  The flapping cycle of a 
common pigeon in forward flight.  The 
downstroke occurs from A to C and the 
upstroke from D back to A (from 
Brown, 1963). 

 

 
The result is a very asymmetric lift distribution during the wing beat cycle, as shown in 
Figure 8-19, with the hand wing providing the greatest lift during the donwstroke and a 
small negative lift during the upstroke.  The arm wing generates positive lift throughout 
the cycle but negative thrust during the upstroke, acting effectively like a turbine instead 
of a propeller.  Over the complete beat cycle, the bird generates sufficient lift to stay 
airborne and a net positive thrust to fly forward. 
 

 
Figure 8-19.  Lift force per unit length as a function of distance 
along a bird’s wing (divided by wing length ℓ), during 
downstroke, upstroke and gliding (Räbiger, 2018). 

                                                 
9 Some birds also spread their finger bones to separate the end feathers in order to let air go through the outer 

wings.  The result is that the hand wing produces little lift and little thrust. 



Airborne 

122 
 

 
 
8-6-c. Dynamic gliding 
 
 Because wing flapping is energy consumptive, birds – especially heavier birds and 
birds during migration– prefer to glide when they can.  Without thrust, the bird loses 
altitude (as depicted for a glider in earlier Figure 8-6) unless it takes advantage of an 
existing updraft, and thankfully there are several possibilities.  Taking advantage of an 
updraft while gliding to avoid losing altitude or even to gain altitude is called dynamic 
gliding. 
 
 Large birds of prey such as eagles, hawks and buzzards take advantage of thermals, 
which are rising air masses that occur in a convective atmosphere (Section 6-7).  In a 
thermal, which accelerates on its way upward, the vertical velocity can reach 10 m/s at the 
top of the convective boundary layer, which may be 1 to 1.5 km high, depending on the 
solar heat flux.  Birds of prey do not fly as high as they need to be able to visually identify 
their potential prey, flying only at 50 to 100 meters high, where the thermal vertical velocity 
is a much more modest 1 to 2 m/s depending on the convective activity.  Assuming that a 
bird glides by circling inside a thermal with a vertical velocity of 1 m/s, it can maintain its 
altitude with sufficient horizontal speed.  Inversion of Equation (8-10) provides: 
 

 L

D

F
U w

F
 . (8-28) 

 
A typical bird of prey has a ratio FL/FD of about 10 (Tennekes, 2009, page 126).  This 
means that a vertical velocity of 1 m/s is met with a flying speed of 10 m/s, which is 
eminently possible for those birds according to the Great Flight Diagram (Figure 8-3). 
 
 Over a hilly terrain or in an urban environment, birds can take advantage of the 
upward air motion caused by the wind having to overcome hills or tall buildings, as 
depicted in Figure 8-20.  Such updraft can generate upward velocities of several meters per 
second. 
 

     
Figure 8-20.  Updrafts caused by a hill or buildings exposed to the wind. 

 
 Likewise, seabirds have several opportunistic situations for dynamic gliding, such 
as cliffs (Figure 8-21) and ships (Figure 8-22).  Seagulls and some albatrosses even take 
advantage of minor updrafts on the flanks of waves. 
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Figure 8-21.  Dynamic gliding in front of a cliff.  An updraft 
occurs regardless of the prevailing wind direction. 

 
 
 
 
 
 
 
 
 

Figure 8-22.  Dynamic gliding in the 
proximity of a ship. 

  
 

 
8-6-d. Perching 
 
 Perching is the act of landing and then sitting on something high and narrow.  It is 
something proper to birds (Figure 8-23), and it requires a delicate maneuver.  The obvious 
challenge is to slow down but stay airborne until achieving zero speed precisely at the right 
spot. 
 
 

 
Figure 8-23.  A pair of scaly-feathered finches perched 
on a wire. (Source: The Internet Bird Collection) 

 
 
 Upon approaching a narrow and elevated landing spot, birds begin to flap their 
wings at a much higher angle of attack to create a significant decelerating drag while 
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maintaining some needed lift (Figure 8-24).  They further approach at a slightly lower 
elevation and then climb upward at the very last moment.  The potential energy necessary 
for that rise consumes their remaining kinetic energy enabling them to touch their landing 
spot at zero speed. 
 

 
Figure 8-24.  The wing flapping of a common pigeon at very low speed before landing, to be 
contrasted with the wing motion during flight, shown in Figure 8-17 (from Brown, 1963). 

 
 
Thought problems 
 
8-T-1.  Question 
 
8-T-2.  Question 
 
8-T-3.  Question 
 
8-T-4.  Can you conceive of cases other than the parachute where the drag force is a benefit 

rather than a penalty?  Consider living organisms. 
 
 
Quantitative exercises 
 
8-Q-1.  Problem 
 
8-Q-2.  Problem 
 
8-Q-3.  Find online the drag coefficient of the Volkswagen Beetle and compare it to that 

of the sphere. 
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Figure 8-25.  Forces on a flying kite. 

 
8-Q-4.  The lift and drag coefficients of a kite, both based on the wing area approximated 

to flat plate, are respectively 2 and 1.28 sin, where  is the angle of the kite with 
respect to the wind, expressed in radians.  The holding string is attached in such a way 
that the kite is oriented at 90o to it (Figure 8-25).  If the wing area is 1.3 m2 and the wind 
blows at 12 m/s at the kite’s level, what are the lift and drag forces, the tension in the 
string, and the angle  that the holding string makes with the horizontal?  Assume the 
weights of the kite and string are both negligible compared to the lift and drag forces. 

 


